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SUCCESSIVE INTEGRATION METHOD FOR 
FINDING LONG PERIOD CYCLES 


C.E.* 


daca longer period than can found ordinary 
consists computing the progressive summations the 
d@iations the observed data from normal. (As first approxima- 
tion normal taken the mean the observed data.) Then the 
progressive summations these accumulated discrepancies are found, 
and the third fourth integration. This process rapidly 
“irons out” all chance and short period variations and leaves smooth 
cycle whose approximate period The objection that this 
but extension the method, which makes cycles 
data where none are present, discussed and methods are 
presented for determining whether the cycle found real fictitious. 


SUCCESSIVE INTEGRATION METHOD FoR FINDING 


The question the search for hidden periodicities statistical 
important the civil engineer interested stream flow, the 
meteorologist and agriculturist interested rainfall temperature, 
the business statistician and probably many others. The ordinary 
method periodogram analysis developed and dis- 
cussed Whittaker and Robinson’ requires period record several 
times long the longest cycle considered. century’s record 
annual rainfall any given station group stations will enable 
test for the presence cycles with periods say from eight 
twenty years, and possibly even years, but could not reveal 
cycle period say between fifty and one hundred fifty years 


Assoc. Member the Am. Soc. Civil Engineers and Prof. Mech- 
anics Ohio State University, Columbus, Ohio. 

Roy. Soc. (1905) 136. 

The Calculus Observations, Chap. pp. 343-362. 
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were present. For the latter purpose the following method has 
been developed. 

Suppose the given data the form 
where 


value the dependent variable, for example, the 
total inches rainfall given station any given year. 


constant, the normal value about which fluctuates, 
the normal rainfall inches per year for the given station. 
the data contains straight line trend this term would 
replaced mx), where measures the rate 
slope the trend. 

constant, the amplitude the cycle. 


radians. 
independent variable serial number the particular 


for example the date the year whose 
rainfall 


constant specifying the phase the cycle, for example 
the earliest date when the rainfall known have 
been maximum. 


p=the period the cycle (in years, this example). 


variable—the deviation each observed value from the 
value given the rest the equation. This term takes 
care all variations due cycles other periods, 
the form this cycie not being that the cosine curve, 
the other variations which for want further 
edge must consider purely fortuitous. 


subtract the normal value, from each these values 
and take the progressive totals first integral the ditferences, 


The term will general small, since the plus chance varia- 

tions tend balance the minus, the variations due short period 

cycles which may second integration give 

neglect the sums the terms, which will, course, 


cancel out. The third integral will the form 


and the fourth integral the form cos That 
is, each integration gives cycle the same period existed the 


original data, but advanced quarter period phase and with the 

The way which this method “irons out” chance variations and 
short period fluctuations most amazing one who has not tried it. 
Table and Plate illustrate the method applied the annual 
rainfall Boston, Mass., for the years 1818-1928. Although this 
has been carried the third integration illustrate the method, was 
unnecessary this case, the second integration gives smooth curve. 
The first integration changed from minus plus 1865 (fractions 
year being neglected) and from plus minus 1912, giving 
half period years. But producing the first integration curve 
backward see that would pass through zero 1814, which gives 


whole period years. compromise, years was taken 
the value 


The Weather Bureau gives the rainfall the hundredth 
inch, but was found that the results were practically the same the 
rainfall were taken the nearest inch, which was done this table. 
The mean rainfall for the 111 years was 43.45 and there seems 
trend. (From priori grounds, such the relative constancy 
tlora, lake levels, etc., are quite sure that the rainfall New Eng- 
land has changed very slightly the last few centuries, that for 
period only 111 years can assume the normal rainfall constant. 
The matter could also tested statistically fitting straight line 
the data least squares, but this was not done.) But the normal 
rainfall not necessarily equal the mean for the period. fact, 
preliminary trial indicated that the period the most important 
cycle was little less than 100 years, and that the 111 years the 
portion excess full was below normal, therefore that the 
observed mean would below normal. inches per was 
taken the first approximation normal. 

second point Table which needs explanation the initial 
value each the summation columns. preliminary computation 
was made starting from zero. This was found give series num- 
bers averaging quite little above zero. But the average these 
values cannot taken their normal any more than the case 
the observed rainfall themselves. Averaging the maximum and min- 
imum values gave 46, therefore was assumed that all values should 
reduced (accumulated inches) and second trial was made 
using —46 the value the first integration for the 


TABLE 


Search for Long Period Cycle the Precipitation Records Boston, Mass. 


Inches 
Rainfall 


1838 
1841 
-14 
1848 
1850 
1851 
1853 
1854 
1856 


Excess 
Deficiency 
From 44” 
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Summations 


il 
126 
q 
Third 
1820 1481 14951 
1824 1256 20344 
1826 1105 21526 
1828 949 24613 
1832 641 27620 
29681 
101 295 29094 
104 497 28204 
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Excess Summations 
Inches Deficiency 
Rainfall 


— 
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Year Third 
1875 101 -1483 
1878 135 -27330 
1885 135 190 -31475 
1887 123 -31466 
1888 125 191 -31275 
1891 112 540 
1904 1656 -14677 
1906 1767 -11197 
1914 1874 3810 
1915 1851 5661 
1919 1695 12704 
1920 1651 14355 
1921 1606 15961 
1922 1558 17519 
1923 1501 19020 
1924 1435 20455 
1925 1366 21821 
1927 1217 24331 
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PLATE 
1820 1860 


20+ Curve Derived hy this Method 


1680 


First Summation 


Second Summation 


Summation 


1840 1900 


Period Cycle Rainfall Variation Boston, Mass. 


' 


1820 1920 
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second integration was made from these figures was found that the 
curve had general downward slope, and from its slope correction 
was estimated for the initial term the first integration. The initial 
terms the other columns were found similar manner. The 
values given are the result several successive approximations. 
probable that using different combination values for these 
initial numbers equally good cycle slightly different period 
might developed. claimed only that this method finding 
the approximate period long cycles. the exact period were im- 
portant could, least square methods, fit cycles periods slightly 
less and slightly greater than that found, and see which gave the 


The minimum value the second summation was 1864 
and the maximum was +1902 1911. Therefore the double amplitude 
was 4050 and the single amplitude was 2025. Therefore =2025 


and *=8.67. similar use the values the 


third integration gave amplitude 30606.5 and 


shown above the maxima the second integration occur 
about 1815 and 1911, therefore maxima the itself should 
have occurred 1767 and 1863 and may taken 1767. Values 
the term 8.60 cos were computed for each year. The 
first terms will, course, add zero, but the last terms add 
that this will shift the average 0.89 inches below 
normal. the average the original data was 43.45, this indicates 
that the normal should 43.45+0.89 44.34 and our equation be- 


not claimed that this equation stands can used forecast rainfalls 


Boston. The data when examined the periodogram method reveal several 
cycles shorter periods, and even when corresponding terms are added the 
formula the fortuitous variations average several inches per year. After this 
computation was made found that Marvin had discussed this particular 
case (Monthly Weather Review, Aug., 1923, Vol. 51, pp. 383-390, 
ing Normals, Secular Trends and Climatic Changes). using data for 
Boston running back 1750 (some actual and some “manufactured”) finds 
that straight line trends, rather than cosine curve, best fit the data. finds 
normal annual rainfall 40.06 from 1759 1849 and 44.71 from 1849 
1904, which date the normal suddenly dropped again. The average rain- 
fall from 1904 1928 inclusive was 37.80. Taking this the normal for 
that period and the normals for the other two periods given Marvin, the 
average deviation from the normal for the 111 years was 5.46. The average 
deviation from the mean for the 111 years was 6.36. The average dewation 
from the formula derived above was 4.65. Adding four shorter cycles, 
get the formula: 
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will probably urged against this method that the process 
progressive summation often gives very misleading results, has been 
pointed out Bullock, Persons and and Simon The 
latter gives, for example, digits drawn random, and the progres- 
sive totals the deviations from the average, from which deduces 
pseudo cycle. Plate shows that even more striking cycle can 
derived from this same random data getting the second and third 
integrations. following the same method outlined above, curve 
was deduced and drawn. The original data fit this curve with mean 
deviation 2.40, while they fit the average line with mean deviation 
2.48. may urged that the cycle derived from the rainfall data 
more real than that derived from the chance data. But actually 
the cases are quite different, will proceed show. 


The test whether time series contains cycles has been de- 
veloped Besson* and the absolute values 
the successive first differences the series are averaged, this aver- 
age called the mean variability. The average the absolue values 
the differences each value from the mean all the values 
called the mean deviation. Goutereau’s Ratio, equals mean varia- 
tion divided mean deviation. For random series numbers 
whose distribution Gaussian, the expected value will 
But there cycle present, even concealed large chance varia- 


258 cos 


which gives average deviation 4.28. (Some these figures were obtained 
using the annual rainfall the nearest inch and would slightly different 

the data hundredths inch were used.) The reality the four 
shorter cycles very doubtful, but they produce curve which fits the data 
much closer than the straight mean, than Marvin's proposed normals, and 
somewhat closer than the simple year cycle. 

Reply Karl ‘The Harvard Business Indexes—a New Inter- 
pretation’,” Review Economic Statistics, April, 1927, pp. 74-92. 

“Random Events and Cyclical Oscillations,” Journ. the Amer. Statistical 
Sept., 1919, pp. 258-275. 

Sur variabilite temperature, Annuaire Soc. Met. France, 54, 
122-127. 1906. Summarized Edgar Wooland Minthly Weather Re- 
view. Vol. (1921), pp. 132-3. 

“On the Meteorological Data with Results Chance,” (Tran 
lated Woolard) Monthly Weather Review, Vol. (1920), pp. 89-94. 

Edgar Woolard, “On the Mean Variability Random Series,” Monthly 
Weather Review (1925), pp. 107-111. 
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TABLE 


~ 
~ 
~ 
Ls) 
w 


~ 


wm 


214 


Sum absolute values 


131 
65.0 
94.0 29.0 
69.5 98.5 
154.0 
-15.0 90.0 
432 
11.2 
16.6 
17.3 
12.0 
9.4 46.1 86.2 
36.0 
46.0 10.0 
36.5 46.5 
26.7 73.2 
13.6 96.8 
-15.4 ~18 95.0 
79.5 
-11.3 7.2 
43.2 
3.5 
16.3 
14.0 
10.7 32.7 
40.1 
620 
0.5 
0.2 57.7 
1098 
49.2 159.0 
20.5 216.0 
2132 
1858 
43.0 
67.0 
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PLATE 


Sequence 


NUD 


Deviations from Normal 


First Integral Deviations 


Showing How May Generated Data. 


132 
9- 9 
-10 
-40 
-60 
1000 
600 
400 
200 
-1000 


tions superimposed the cycle, the mean variation will smaller 
than otherwise, and will less than 1.41. the distribution not 
Gaussian, the expected value will longer V2, but will 
still true that the presence cycles will make less than the ex- 
pected value. Woodard, the reference cited, gives method for com- 


puting the expected value for random order with any sort 
distribution. 


For the example random numbers used Plate II, the 
deviation was 2.48 and the average variation was 3.45, making 
1.39. The expected average deviation numbers drawn from 
universe containing equal numbers each the digits from 
2.50 and the expected deviation Woolard’s method 3.30, making 
the expected value the data for Boston rainfall, given 
Table the mean deviation was 6.356 and the mean variability 6.54, 
1.03, while Woolard’s method would give expected value 
1.38+0.11 for random succession. The distribution the “uni-. 
verse” which this sample not Gaussian, but not much 
different from Gaussian, that the true value not far from 
1.41. investigation much larger sample rainfall data, which 
fore quite certain that the departure the value from the ex- 
pected value for random numbers not accidental but indicates that 


have here real cycle, while the case drawn numbers had 
only apparent one. 


test the operation the method case where was known 
that there were both chance and cyclic elements present, Table was 
prepared. The first two give the same random numbers from 
which Plate was plotted. Column (3) artificial cycle 
which approximates sine curve period and amplitude Col- 
umn (4) gives the algebraic sum (2) and (3), (5) the 
first differences column (4). Column (6) gives the deviations 
the values column (4) from the mean (4.30). Columns (7), (8) 


The sample drawings gave Woolard’s method expected mean 
variation for random succession 1.32 Thus the 
observed value fell within the range the probable error. But the agreement 
often much closer. The results little experiment made the writer 
are follows. pack cards was thoroughly shuffled and the cards turned 
and their value recorded order 11, 12, 
King= 13). The mean deviation forced this case 42/13 3.231. 
The observed mean variation was making while the expected 
value given method for this case rectangular distribu- 
tion 1.333. 
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and (9) give the first, second and third integrals these values. These 
figures are plotted Plate The period the cycle the third 
integral curve 21.5 and the amplitude about 200. The original 
cycle which would give this third integral would 
4.30+5.00 cos This curve plotted the upper figure 
Plate solid The cyclic amounts added the 
data are plotted (above below the line the mean, 4.30) crosses 
and connected dotted line. The cycle that emerges from the 
process not quite the one that went in—it has been combined with 
the pseudo-cycle which arises from the fortuitous variations—but 
atill fair approximation the original cycle. can then assume 
that cycles derived this process from statistical data that contain 
real will approximations true cycles. 


ratio gives means determining whether real cycles 
are present. there are none not necessary search for 
there are cycles present two courses are open us. may first 
construct periodogram and find whether there are short cycles present. 
not, can assume that long-period cycle determined the method 
this paper will real. there are short period cycles present, 
can eliminate them and test the residue Goutereau’s ratio. 
atill contains cycle, can assume that there real long-period 
cycle. The other procedure would first find the long-period cycle 
the method this paper. the amplitude the cycle large, 

cycle deduced may subtracted from the given data and the residue 
tested again Goutereau’s ratio. markedly larger than 
was the original data, may assume that the cycle real. 


Criteria the reality given cycle have been proposed 
Marvin', Clough’, Alter’, and Sir Gilbert 
Walker‘, but they are adapted only cycles obtained means the 


Theory and Use the Monthly Weather Review, Vol, (1921), 
pp. 115-124, 


Statistical Comparison Meteorological Data with Data Random 
currence, Monthly Weather Review, Vol. (1921), pp. 124-132. 


The Criteria Reality the Periodogram, Monthly Weather Review, Vol. 
(1926), pp. 57-58, 


Periodicity. Quart. Jour, Royal Met'l No. 216, pp. 
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PLATE 


First Integral 


Integral 


Random Data Plate Combined with Cycle 
(the Dashed Curve the Top This Plate). 


135 
-24 
-30 
100. 
60 } 
400 
200 
-150 
-200 
-250 
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and not very well even 


The question still remains how much less than the expected 
value for random succession may before are believe that 
cycle present. The writer would hazard per cent rough 
guess. hoped that some master mathematical statistics 
will give before long quantitative statement of, say, the relation- 
ship between the ratio the observed mean variation and the expected 
mean variation for the same numbers arranged random succession, 
and the probability cycle given amplitude being present. 


should added that the germ idea this paper product 
the fertile mind the writer’s colleague, Professor Ott. 


(1) The method successive integration discrepancies will 
reveal the approximate period long-period cycles they are present. 


(2) Even long-period cycle present, the method will 


give fictitious cycle, but there are tests which the reality falsity 
the cycle can investigated. 


For example, criterion depends only the standard deviations 
the sums the various columns the tabulation compared the stand- 
ard deviation all the data, without reference the order the columns. 
Take, for example, the tabulation given page 353 Whitaker-Robin- 
son’s “Calculus Observations.” very evident that there real cycle. 
But suppose that another problem had yielded exactly the same columns 
data but random order, say the fifth column, then the twentieth, then the 
third, etc. Are cycle period days equally probable 
this This objection seems the writer make the method Whit- 
aker and Robinson much inferior that Schuster. 


EQUIMODAL FREQUENCY DISTRIBUTIONS 


Epwin Jr. 


The object this paper the determination set frequency 
curves, each which will give better fit the modal neighborhood 
the data which applied than often found the existing 
methods. Interest this subject was aroused the following way. 
First, was discovered that great number distributions data 
derived from study the financial ratios public utility companies 
conformed the same general type curve. Second, developed 
that the type curve designated the Pearsonian criterion quite 
often yielded very poor fit the data. The mode determined the 
theoretical curve was unsuited the actual data. Further- 
more, some cases, the left extremity the distribution, the rise 
the curve the mode was too steep for good fit. The accompany- 
ing chart (p. 140) presents particular instance these conditions, 
together with the curve fitted the method developed this paper. 


The curves which were used this study financial ratios were 
those developed Pearson and Elderton from consideration the 
various cases which arose the solution the differential equation 


where was assumed expansible ascending powers 
The other assumptions made were that 
and that the constants and were determined equating 
the moments the raw data the moments the theoretical dis- 
tribution. Here will modify these assumptions, and under the new 
conditions the principal curves which arise when 
the polynomial the denominator the third lower degree. 


The new assumption that the value the constant, the 
mode, determined first from the observed data, and equated the 
value the mode the theoretical distribution. This method 
procedure particularly adapted economic data, assures good 
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fit about the mode, notwithstanding the fact that some raw data the 
mode rather vague concept. The fit about the mode primary 
importance much economic data. 


II. begin with the case the cubic the denominator, 
with the differential equation 


where known. Multiplying both sides 2”, integrating, and 


Putting and changing the origin the mean, have 


EDWIN MOUZON, Jk. 


The differential equation then becomes 


The solution the differential equation depends the nature 
the zeros the denominator the right hand member, that the 
the general cubic, 


The has three distinct real zeros, one real and two imaginary 
zeros, two real and equal zeros, the 
inant greater than zero, less than zero, equal zero. will 
expect, therefore, gencral types curves when the integration 
effected, 


139 
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III. assume that 5,=0, will have only three con- 
stants, determine, and the equations (1) become 


Solving these equations simultaneously, find 


Thus, the case the quadratic the have 
determined the constants terms the mode, and the first, second, 
and third the raw data. other words, are calculat- 
ing the theoretical curve under the assumption that its mode, mean, 
standard deviation, and skewness are equal respectively the mode, 


Ratio Revenue Net Worth 351 Traction Companies 


0.2167 


60 {2 \ 
\ ‘ 


mean, standard and skewness the raw data. The differ- 
ential equation then becomes 


Now, the solution this differential equation depends the particu 
lar values the constants the denominator, the quadratic 
discriminant Again, will expect three general 
types curves when effected. 


assume =0, equaiions (1) become 


now turn discussion vhe types curves which 
arise from the solution the preceding equations. The 
following classification will will include all curves 
arising from the solution differential equations which F(z) has 
real and unequal zeros. Class will include all curves arising from 
the solution differential equations which complex 
zeros. Class will include all curves arising from the solution 
differential equations which has equal zeros. 


When all the zeros are positive, the differential equation may 
written the form 
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where assume A,> A,> A,. Separating into partial fractions 
and integrating, have 


log 
Exponentiating 


Transferring the origin the mode, e., putting for 


where 


Then Me =™, 


MOUZON, JR. 


The equation now becomes 


With the exception the values all the constants the 
equation are known terms moments. Two methods will given 
for its determination. 


First—Calculate the area under the curve, using the theoretical 
ordinates measured terms Let this area equal the 
number observations, and solve for 


calculated from the theoretical ordinates. 


Second—Calculate the value with the theo- 
retical ordinates measured terms Set the first derivative 
this expression equal zero, and determine the value 
which makes minimum. From the goodness fit point view, 
this gives the best possible value 


theoretical areas before, and the represent the observed areas. 


Setting the first derivative this expression equal zero, have 


A-2 


When there are two positive and one zero, the 
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equation may written the form 


Proceeding Type A-I, find 
c a, 


where 


calculated Type A-I. The origin the mode. 


A-3 


VI. When there are two negative zeros and one positive 
the equation may written the form 


Using the same method before, find 


where 


the previous cases. The origin the mode. 


MOUZON, 


A-4 


Vil. Where all three zeros are negative, the equation may 
written the form 


Proceeding the last three cases, find 


(/+ 


determined the previous cases. 


The origin the mode. 


Type A-5 


Type A-3, suppose Then 


Suppose the mode, the mean, that is, equal 
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Then 


A-6 


IX. Type A-3, suppose one the zeros zero, say A,. The 
equation then becomes 


The values all the constants except are known, and may 
calculated cither the formulas given Type 


The origin the mean. 


A-7 
Incase quadratic, and its zeros are like sign, 
have 


have 
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Exponentiating, 


2 ~b,m b,m P2 
Then 


vatic the denominator, and and are given terms 
these above. integration this equation between the limits 
and has been that 


may also determined finite integration either the 


methods given Type 


A-8 


type occurs when quadratic and the zeros 
are real and opposite sign. The equation then becomes 


Elderton, “Frequency Curves and Correlation,” 85. 
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Integrating, obtain 


Exponentiating, 


2 


(x-A,) 


Now, changing the origin the mode, e., putting for 
have 


where 
a, = 3 G2 A,-9 
and 


lated either the methods given Type The origin 
the mode. 


“Frequency Curves and Correlation,” 59. 


EDWIN MOUZON, JR. 


Tyre A-9 


the zeros the quadratic are A,, and-A, the equation 
may written 


Integrating, 


Exponentiating, 


Changing the origin the mode, e., putting for 
have 


where 
Then, before, 


149 
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Type A-10 


XIII. assumed linear, the equation may 
written 


Integrating, 
Exponentiating, 


Changing the origin the mode putting for 
have 


Now let 
Then 


The constants may determined follows: 


When has been found that 


MOUZON, JR. 


The value has been found’ 


Ng 


where 


may also found the methods Type The origin 
the mode. 


Type A-11 (The normal curve) 


Integrating, 


Exponentiating, 


Changing the origin the mode, and substituting the value for 


find the value integrate between the limits and 
and find the total frequency has been that 


Elderton, “Frequency Curves and Correlation,” 68. 
Elderton, “Frequency Curves and Correlation,” 91. 
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also found either the other two methods. The 
origin the mode. 


XV. When (x) cubic, and two the zeros are com- 
plex, the differential equation may written the form 


2 
Separating into partial fractions and integrating, 


Performing the integration, have 


Exponentiating, 


EDWIN MOUZON, JR. 


B-2 


XVI. When two the zeros are pure the equation 
may written: 


(A,+A 


Performing the integration, have 


Exponentiating, have 


A-a 


hk tan = 


may determined the previous case. The origin 
the mean. 
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Type B-3 


XVII. 
equation may written 


quadratic and the zeros are the 


Let 


have then 


Exponentiating, 


which may written 


EDWIN MOUZON, JR. 


Type 


When cubic, and two zeros the denom- 
inator are equal, the equation may written the form 


Performing the integration, have 


-(A, 


A,-23 


Exponentiating, 
- = 


= _ Ago -9 


Now, changing the origin A,, replacing 


have 


where 
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may determined the previous case. 


C-2 
all the zeros are equal, the equation may written 


Integrating, 


Exponentiating, 


where may determined before. Origin Mean. 


C-3 


XX. When F(x) quadratic, and the zeros are real and 
equal, the may written 


EDWIN JR. 


Exponentiating, 


The constants terms moments are 


has been that 


XXI. The following example, illustrated the chart (p. 140). 
given illustrate the method: The data fitted Type A-7. 


Ratio Revenue Net Worth Traction Companies 


Elderton, “Frequency Curves znd 82. 


157 
Now let 
Then 
Observed Theoretical 
Ratio Frequency Frequency 
.04 7.3 
31.9 
.20 55.6 
63.6 
45.1 
32.2 
.60 21.6 
14.1 
8.6 
5.2 
3.2 
1.00 1.9 
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The constants calculated from the observed frequencies were 


24.97 
5.3312 

35.2713 

50.1479 


Origin Mean 30.6287 30.4287 left group. 


Curve starts 30.4287 24.97 5.4587 before the center this 


group. 


FITTING CURVES OBSERVATIONAL SERIES 
THE METHOD DIFFERENCES 


Harry 


Curve fitting may technically described the representation 
series observations mathematical function. Given the 
observations and the function fitted, the problem determine 
the constants the equation such way secure valid repre- 
sentation. The method employed the determination these 
constants must take into account the object which the fitting process 
intended serve. the object interpolate for undetermined 
items between ordinates the series, any method which will 
give the constants the equation will suffice, since the representation 
the given ordinates exact. this case, questions method will 
hinge considerations If, however, the object 
secure the representation all the items the series means 
single function, questions method will hinge the validity the 
representation, which, this case, can only approximate. 


Functions used approximate representations observational 
series fall into two gencral classes: first, those which have force 
law descriptive necessary sequence events; and, second, 
those which depict norm characteristic trend growth. These 
two types representation merit separate methodological considera- 
tion; and, what follow, shall make analysis the prob- 
lems involved and method, which, believed, will place 
the hands the statistician new and serviceable instrument. 


FUNDAMENTAL OBSERVATIONAL SERIES 


For the purpose fixing attention certain characteristics 
observational data, let consider two distinctly different sorts 
series. Let suppose that the first series consists set observa- 
tions comet moving through space, and that the second consists 
the record gold production the United States. 
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For the sake simplicity, let further suppose that the move- 
ment both series properly represented the function 


The two sets observations may then represented equation 
the form 


(1) 


Ytdte 


this equation, the term represents error observation 
due factors such faulty judgment, clerical inaccuracies, and lack 
precision the use instruments. The term represents the 
deviation the fitted function from the true magnitude the phe- 
nomenon undergoing examination, after the series has been corrected 
for the errors Taken together, and make the residuals 


Now quite evident that, the case the first series, owing 
the regularity the path the moving body, the deviations will 
negligibly small comparison with the errors and that, the 
case the second series, owing the irregularity production, the 
deviations will large comparison with the errors fitting 
curve the first series, assume that true value exists and that 
the observational errors may defined the fitting process; while 
fitting the second, assume normal value merely, and seek 
define the deviations the observations from this norm. 


These considerations suggest that the procedure which appli- 
cable the determination constants the one case may not 
applicable the other. Let therefore inquire the solutions 
best suited each case. 


was 1806 that Legendre formulated his test the validity 
attaching the representation observational series. 
This formulation has become known the principle least squares 
and may stated thus: Where the mathematical func- 
tion are determined from set empirical observations, that 
solution best which makes the sum the squares the residual 
crrors minimum. 


- 


far its mere statement concerned, this principle rule 
thumb which may adopted discarded the discretion the 


WILL 161 


individual. The principal has, however, been placed definite logical 
basis Gauss and later writers, who have derived from the normal 
this law, deviations from the most probable value are fortuitous 
character, the term fortuitous that individual deviations are 
unanalytic the sense that the forces operating bring them about 
cannot resolved into more elemental components. All that can 
clam know priori about the values such deviations that they 
are likely positive negative and that they must remain 
within the bounds The function gives the probability 
for the occurrence deviation magnitude 


Statisticians generally have accepted the principle least squares 
providing sufficient theoretical basis for the fitting curves all 
sorts series. Because this, becomes all the more important 
that certain limitations the principle and its application the analysis 
statistical series should carefully noted. 


Considering again the case where the observations are made 
body moving through space, see that the errors observation 
committed may properly regarded fortuitous character, for, 
the basis our assumption precise motion the path 
the most probable value the residuals clearly defined zero, 
that the errors are likely positive negative; 
finite bound can set the possible magnitude such random 
errors, and the forces determining their magnitudes cannot resolved 
into their components. our assumption the path the moving 
body valid, these errors conform the normal law the frequency 
their occurrence, and their magnitudes may accurately ascertained 
least squares determination constants. 


Returning now the case where the observations consist 
record gold production, can claim have the same basis for 
application least squares the determination our line best 
Two important considerations would lead think otherwise. 
The first these that the magnitude deviations from trend 
restricted; for limited both the capacity 
the extractive industries and the consumers’ demand. The second 
found the highly analytic character these deviations; for 
significant that whenever becomes possible resolve the forces de- 
termining the values given deviations set into their elemental 
components, the prediction the sign and magnitude specified devia- 
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tions becomes some measure possible: and when thfs occurs, such 
deviations are removed from the category the fortuitous and unpre- 
dictable and placed that the analytic 


The arguments are supported the use made weighted devia- 

price fall production not explained, comparison with the 
normal trend, circumstance which expected certain 
number times thousand, but rather because analysis shows the 
rise fall the necessary result known events. 
forceast based unanalytic and purely fortuitous deviations could 
have real whatever. 


Granting that residuals may sometimes obtained 
squares operations which may regarded random sample 
approximately normal distribution, must clearly borne mind 
that these residuals are brought into being the creative act curve 
and the mere marking off deviation does not justify our 
regarding being due the working forces distinct and different 
those effective producing the remaining part the ordinate. 
the case the celestial observations which have the 
act fitting defines, but not create, the errors. 


The argument may advanced this point that not neces- 
sary regard the principle least squares resting the law 
error; for may obtain the normal equations from which our least 
squares determination made treating the solution simple 
problem maxima and minima. But cannot claim 
have determined the most probable values our constants; for this 


claim must rest the derivation the normal equations from the 
law error. 


The justification the arbitrary use the least squares tech- 
nique that most likely made that minimizes extreme devia- 
tions frem the fitted line. This unquestionably true; but appears 
weakness the method the present connection rather than 
element strength: for, least squares deduction normal 
equations, may regard each absolute deviation being weighted 
with own magnitude, deviations less than the mean deviation receiv- 
ing weights less than the mean weight, and versa; and why, the 
query obtrudes, should we, our determination constants, over- 
weight the observations most remote from what term the norm 
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and underweight those which lie closest? 


The argument that the least squares fit will avoid the commission 
extreme errors the projection the curve beyond the limits 
observation, least tend that direction, fallacious; for the 
fitting line given set observations secure the minimum 
sum the squared residuals unlikely effect the same end when 
new observations are added. least, have logical basis for the 
expectation such result unless fall back the position that 
the fitted curve describes necessary sequence events and that the 
residuals are fortuitous character; and this the very assumption 
have found untenable for most economic and social series. 


may, then, say that fortuitous deviations are properly 
regarded functions the observations; while analytic deviations 
regarded functions the hypothesis set with refer- 
ence the type curve which most appropriate the data. 
brief, our reasoning supplies definite basis for the contention that, 
for data which the errors observation are small comparison 
with the analytic deviations from trend, the least squares definitions 
not lead results which are regarded necessarily best for 
all purposes. 


The method curve fitting which now presented was 
originated the writer the spring 1925. Since that time, has 
been put wide variety practical tests and has been found yield 
highly satisfactory results. The designation method differences has 
been given because the extensive and essential use made the 
calculus finite differences. 


Before undertaking the task deriving the formulas for the de- 
termination constants,:let state the assumptions which the 
method based, follows: 


(a) The function fitted logically appropriate the data. 
(b) The data are free constant and systematic errors. 


(c) Accidental errors observation are relatively small and 


Where set secular values irregular and without sig- 
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nificant trend, the arithmetic mean the best representation 
the set. 


The first these assumptions is, general way, implied any 
method fitting. The effect the second and third qualify the 
fitted deviations analytic. The fourth made use constantly 
the writing formulas for the determination parameters. 


the derivation formulas, the essential steps are follows: 
(1) equations defining each constant the function fitted are devel- 
oped process differencing; (2) equations are formed from 
which approximations the value the given constant may ob- 
tained; (3) the mean the several approximations the value 
the given constant taken the most plausible value the constant. 


avoid the possibility misunderstanding, shall explicitly 
certain symbols made use this memoir. 


The original observations are denoted the symbol 
The denotes values mathematical functions correspond- 
ing the observations The argument denoted the symbol 


within the definite bounds and indicated 


Finite differences order and rank are defined the 


difference zero order taken the quantity undifferenced. 


these relations, the values and are The value 
the difference operations the following sections, the ssage 
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Since, taking logarithms, ratios resolve themselves into differ- 
ences between logarithms, have, analagous the differences y;, 


forming the first differences where the increment 
will noted that the first values are excluded minuend; 
hence can form but first differences rank that is, 
when the increment the subscript Similarly, forming 
values excluded from appearance minuend; hence 
wecan n-k- second differences from values 
when the rank differences general, when the rank 
from set values Evidently, the number ratios which 
may formed from given number observations follows the same 
rule that which applies differences. 


Letus write the equation the linear series the form 
(1) 
Subtracting (1) from (2), get 
(3) 


making the substitution for equation (3), 
may form approximations the value follows: 


166 FITTING CURVES SERIES 


equation (1), are able form approximations the value 
follows: 


52, 
(5) . 


taking mean values the approximations specified equa- 
tions (4) and (5), arrive the following formulas for determining 
the value the parameters and 


(6) 


The equation the quadratic parabola 
Giving the increment have 
Subtracting (1) from (2), have 


Subtracting (3) from (4), obtain 


From equations (5), (3), and (1), deduce the following ap- 
proximations parameters: 


Taking mean values the approximations indicated equations 
(6), have the following formulas for the determination 


i<o 


shall next write the equation the cubic parabola, which 
(8) 

Giving the increment have 
Subtracting (8) from (9), get 
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TABLE 


Production Gold the United States 
(in units $100,000) 


Mean error estimate 52.6 


Again giving the increment have 


Subtracting (10) from obtain 

Once more increasing have 

Subtracting (12) from (13), obtain finally 


From equations (14), (12), (10), and (8), deduce the follow- 


1900 792 696 1911 969 949 
1904 805 866 1915 1010 872 138 
1905 882 895 1916 926 
1906 944 918 1917 838 800 

1908 946 947 1919 603 705 
1910 963 954 


WILL 


ing parametric 


Taking mean values the approximations indicated equations 


(15), have the following formulas for the determination 


parameters 
isn-3k 


(16) 


SERIES 
Let write the hyperbolic series 

Giving the increment have 
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subtraction, obtain 


from equations (5), (3), and (1), 


taking mean values the approximations indicated 
(6), have the following formulas for determining 


isn-2k- 


azn-k- jan-k-! 


i7) 


ien-! 


a+b 


(7) now reduce 


2k=ntj 
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(1) and solution obtained direct extension the general 
method analysis applied equation (1). 

IX. SERIES 

Let write the logarithmic equation 

Giving the increment have 

Subtracting (1) from (2), get 


TABLE 


Deaths from Typhoid Fever Greater City New York 
(Number deaths per 1,000,000 inhabitants) 


Mean error estimate 7.6 


5 
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Subtracting (3) from (4), obtain 


From equations (5), (3), and (1), have the following 
approximations parameters: 


Taking mean values the approximations indicated equations 


(0). have the following formulas for the determination para- 


(7) 


jen-t 


the coefficient equation (1) zero, have 


Formulas (7) then reduce 
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GENERAL SERIES 


The solutions polynomials presented the preceding sections, 
while best for the series considered, are too specialized mode 
analysis for application polynomials generaliy. shall now de- 
velop solution which applicable any polynomial 
being function of. whose value known, for example, 

write 


Subtracting (1) from (2), get 


Multiplying (3) and (4) and then sub- 
tracting (4) from (3), obtain 


(5) 


equation 


‘Multiplying (5) and (6) subtract- 
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ing the latter result from the former, obtain 
3 


‘ 


equations (7), (5), (3), and (1), are now able 
the following parametric approximations: 


being the number reductions essential the approximation. 


The mean values equations (8) give the following determina- 


iza-t isn-t greet 


equation (1) simplified 


(10) 


(9) 
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the parametric approximations become the following: 


c;= Y,- bz;-azi izO, /, n-/ 


The mean values these approximations give the parameters 
sought. 


SERIES 
shall now write the equation the exponential series 
Subtracting (1) from (2), get 
(3) 
Subtracting (3) from (4), obtain 
(5) 
Taking logarithms, have 
Again giving the increment have 


- 


176 FITTING CURVES OBSERVATIONAL SERIES 


Subtracting (6) from (7), obtain 


(8) 


From equations (8), (5), (3), and (1), form the following 
parametric approximations: 


(9) 


mean values the approximations indicated equations 
(9), have the following formulas for determining parameters: 


(10) 


equation (1), the coefficient zero, havc 


(11) 


and the formulas for-determining parameters become 
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Let write the equation the logistic series 


Multiplying the denominator the right and transposing, 


ex 

Subtracting (2) from (3), get 
ex. ox: 

Again giving the increment obtain 
ax . ax 3 

Subtracting (4) from (5), have 


2 ex, 3 ox. 2 os & 


(7) 

dividing (7) (6) and multiplying the quotient the right 
the parenthetical expression (3), have 
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(2) 
(3) 
(4) 
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TABLE 


Population Ohio 


Census Count Interpolated January Unit, 1.000 persons 


Mean error estimate 108.2 


Predicted Population 


Population 7425 8573 


Simplifying (8), have 


Equation (9) evidently cubic and its roots are 
found conventional methods, care being taken select the root 
which will give the parametric approximation most consistent with the 
hypotheses under which the function being fitted. 


From equations (9), (6), (4), and (1), are able form the 
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following approximations parameters: 


The mean values the indicated approximations give the best 
values the parameters sought. 


If, equation (1), the coefficient zero, have the Ver- 
hulst logistic, 


(11) 


The solution this equation the method analysis applied 
equation (1) leads eventually the following 


The parametric approximations take the form 


c;=Y,+bY,e° i=0, n—-/l, 


The mean values these approximations give the values 


The Verhulst logistic may also solved applying formulas 
(12), section XI, the ordinates the solution being for 
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and Similarly, solution for the serial equation 


may had applying formulas (10), section XI, the ordinates 


solve for certain other series which are interest, write 


a 
(15) 


The solution obtained applying formulas (12), section 


have also 


This condition met when (2) takes the form 


plus and sometimes minus. 


From (16), forming the function get 
log 

taking first difference rank this becomes 


From equations (17), and (16), deduce the following 
parametric approximations 


(19) 
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The mean values a;, and give the values the para- 
meters sought. 


(20) 


The solution for these obtained carrying the analysis applied 
equation (16) second order differences and applying formulas (7), 
section IX, the ordinates log 


equation (20) rewritten 


The solution obtained applying formulas (11), section 
the ordinates log This solution holds, will noted, only when 
the signs and are such that 


the writing formulas for the determination parameters, 
the rank differences has been fixed purely arbitrary manner. 
shall now give rational justification for the rank assigned. 


what follows, shall speak the process which one 
the parameters eliminated from the equation the function 
reduction; and the definition shall understood hold whether 
‘the reduction takes place through difference logar- 
the rank the reduction being the same the rank the difference 
determining reductions order 


The process which first parameter eliminated shall 
call first reduction; that which second eliminated, second 
reduction; and the reduction. The process which 
the last but one the parameters the original function elimin- 
ated shall term the and the parameter definied 
the ultimate reduction shall term the ultimate parameter. 


Now, little thought experimentation will quickly reveal that, 
for any ultimate parametric approximation, the value the approx- 
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imation will vary with the rank the reduction from which results; 
for, regarding parameter statistical characteristic series 
observations, when the rank parametric approximation 
minimum, when the given approximation, viewed single 
instance number possible approximations, least character- 
istic the complete series; and when the the given approx- 
imation maximum, when the approximation, again 
viewed single instance number possible approximations, 
most characteristic the complete series. 


All this, course, assumes, have always done writing 
the equations parametric approximations, that approximations are 
written terms the observational ordinates for, approx- 
imations are written terms the functional the value 
the parameter independent the rank the reduction, fact 


which follows from the manner deriving the equation defining the 
ultimate parameter. 


Since, then, the value and representative character ultimate 
parameter varies with the rank the reduction which defined, 
may, when the ultimate reduction the first order, express the 


(1) 


Here the arbitrary symbol for the weight 


parametric approximation defined first order and rank 


now, that the given ultimate parameter arrived 
two recuctions, the first rank and second rank Clearly, 
the the approximation this case, vary with well 
Under these conditions, the weight the approximation 
expressed the relation 


(2) 


Here. the denotes the weight parametric 
approximation involving second reduction and the ranks and 
have 


(3) 
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Evidently, extension our method induction, arrive 
the general relation 


the derivation all formulas, has been assumed that 
constant for all reductions; hence, equations (2), (3), and (4) become 


Giving verbal expression the relation say the 
weight parametric approximation involving the 


have already shown, section that the number ces 
order and rank which can formed from 
likewise, the number parametric approximations which 
and, since the reliability parameter determined from formula 
must vary with the number well the weight the several ap- 
proximations, may write the following equation, conditioning the 
reliability the ultimate parameter 


(8) 

continuous variable, may obtain the con- 
thus: 

Setting equal zero and solving, have 


(10) 


equation (10) shown taking the second derivative 


(5) 
(6) 
(7) 
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and substituting for thus: 


(11) 


which negative, since and are positive. 


Equation (10) may give fractional values but, practice, 
always integral; hence, write (10) the form 


This the relation from which have determined the value 
the writing formulas. 


may now formulate the following rule for the determination 
the rank differences: When the defining 
being assigned the smallest inteyral value that will make 


equation 


Ad “ j 


carrying through the numerical computations prescribed 
forntulas developed this memoir, the following abridgments are use- 


den-t itn-K-t 
izn-2k-/ i2zn-2k-! 
isk 
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relations evidently apply quite generally the summation 
differences. They may also used check the accuracy dif- 
ferences formed. When positive the 
equations (c) are most convenient; when negative, equations (d) 
are most convenient. 


useful check the product difference employed section 
(4) 


Subtracting (6) from (7), get 


similar relations hold for the product differences 


Another check that constantly useful the computations the 
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TABLE 


Auxiliary Functions Computed Fitting the 
Ohio Population 


0.0 

1454.1 3.16259 1.15642 1313.8 


3.75726 0.68212 


1.16510 0.84403 1.380: 
0.38953 0.34030 1.1447 


0.39870 
3.79644 


0.29865 


2.95534 


U | 
Me 


S.. 
computing the ordinates 

the following formulas are 
(10) 


standard reference work statistical computations. 


illustrations the quantities obtained actual computa- 
tions, give, Table IV, the auxiliaries computed fitting the 


XV. 


Review 


have now presented, some length, the technique fitting 
curves the method differences. The term, differences” 
doubtless sufficiently descriptive for general purposes; but the des- 
ignation difference functions would better convey 
the chief features the technique elaborated, namely, the 
tions defining parameters and the determination the best value 
given parameter taking the mean the several approximations. 


The fundamental requirement this method that, under the 
procedure followed, the reliability the parameters determined shall 
maximum. This requirement results sum absolute resid- 
uals which less than that obtained the Gaussian methed 
least squares the Pearsonian method moments. Rigorous ad- 
herence the requirement that the sum the absolute 
residuals shall minimum is, will not demand 
the present method. can shown that Lipka’s method 
will give the same residuals for linear series the method differ- 
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ences; but does not, however, give the same results general. 


following claims merit may advanced for the 
differences 
(1) The computations involved the determination 

are simple and easily checked. 
(2) The method permits fitting wide variety functions 
the direct application its fundamental principles. 


The technique developed may adapted special solu- 
tions particular cases; g., the solutions parabolic series 
given section VII are special cases the solution for the 
general polynomial series given section 


The parametric approximations some function involved 
their determination give convenient test fit. these approx- 
imations are nearly constant fluctuate irregularly about 
central value, the implication that the test function approp- 
riate the data; the approximations show systematic 
trend their values, the implication that the test function 
inappropriate. 


method yields satisfactory results practice. 


That the residuals register our failure predict the values 
the observations undeniable; but does not follow that the 
squares definition residuals leads the equation greatest value 
for predictive purposes; for can scarcely hope establish that 
set residuals determined from small number observations con- 
stitutes system normally distributed variates. 


Let now consider the logistic series 


(2a) y=me 


(3a) 


and 


(4) 
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This last the Verhulst logistic. 


The origin, maximum, and point inflection these three func- 
tions are determined the following relations: 


d*z 


(/+be 


With the origin and the maximum these 
curves show essentially the same properties and, negate the 
claim Professors Pearl and Reed have discovered the Verhulst 
type logistic the unique mathematical expression for the growth 
populations. This assertion, course, makes statement the 
type population which best each curve. 


while not ideal fit, certainly one much better than can obtained 
fitting type (3). These results, however, serve enhance rather 
than the general usefulness the logistic hypothesis 
empirical generalization the growth populations. 


the writer conceives it, this hypothesis may stated follows 
whose scquence definitely known, best represented 
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curve which from one straight line asymptotic 
origin, passes through point inflection, and approaches 
horizontal straight line asymptotic terminus. The rate growth 
such curve may characterized proceeding from minimum 
maximum and then decreasing toward zero limit, character- 
ization which full accord with our decrease knowledge concern- 
ing the rate growth time goes on. will noted, our state- 
ment the logistic hypothesis, that not necessary place any 
restriction the chronological direction growth, interpretation 
growth proceeding forward backward being equally permissible. 


is, course, true that the particular function fitted the Ohio 
population does rigorously the logistic type; for 
the ordinates begin decline value. But this detri- 
ment the application the function the particular case, since 
one would place any reliance forecast such date when projected 
centuries into the future. The use such function 

employed seems far preferable fitting the Verhulst function 

subpopulations the ground that the sum logistics cannot 

executed itself logistic, procedure which strictly valid only 
when the growth changes the subpopulations are mutually 


When the growth population known definitely cor- 
related with observed sequence events, the logistic hypothesis must 
modified accordingly. region where the population could not 
recruited from without, abrupt increase the death rate, de- 
crease the birth rate, emigration regions outside would 
necessitate modification the growth formula. 


presenting this memoir the the writer desires make grateful 
acknowledgement the invaluable assistance given his Hazel 
the preparation the manuscript. 

cf. and “The Population Area Around Chicago 


TABLES PEARSON’S TYPE III FUNCTION 


Luis 


Section 
Section 
Section 


well recognized that the normal curve error has played 
prominent role the development the theory Mathematical 
Statistics. Although can describe more less accurately many fre- 
quency distributions possessing limited degree skewness, there are 
many which fails. meet this situation two important 
methods representing frequency functions have been devised. 


One these methods due the English biometrician Karl 
Pearson, who developed system generalized “probability” curves. 
Among the these curves Type III, whose equation 


stants. will shown later that this curve approaches the normal 
curve error limit when approaches zero. Pearson, realiz- 
ing the importance this generalized curve, published 1922 his 
the Incomplete Function,” from which the areas under 
the curve can obtained. Unfortunately, these tables, unlike those 
the normal curve error, are not tabulated with the standard unit 
the ordinate. Moreover, they not contain the ordinates, which are 
useful plotting frequency curves and essential the solution many 
problems the theory probability. 


object, therefore, provide tables areas and ordinates 
Pearson’s Type III curve that will enable one obtain readily 
isolated frequency the sum the frequencies between any two 


*Section will appear the August issue the ANNALS. 
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limits theoretical distribution that can represented the Type 
III curve. Furthermore, there will furnished tables derivatives 
this more effective type frequency function which will permit its 
utilization generating function expansion corresponding 
the Gram-Charlier series. general, the more closely the generating 
function approximates the function graduated, the more rapid 
the convergence the derivative series. the following section 
there are given two separate developments the Pearson Type III 
Function. believed that these developments will value 
those desiring use this function. 


Section Pearson’s Type Function 


(a) Means Bernoulli’s Series 


One may consider first the Bernoulli series 


where denotes the probability that event will happen single 
trial the probability that will Representing 
the ordinate corresponding successes 
points (x, Through these 7+/ points one may imagine 
curve that can represented analytic function. 


zx 


Since 


one has 


(2) 


This the difference equation the continuous curve. 


SALVOSA 


From equation (2) follows that 


The mean any two ordinates and will con- 
sidered approximately equal the ordinate midway 
between them. The slope the line joining any two points 
the point midway between these two the continuous curve and 
error resulting from this approximation would zero the curve 
were parabola. Under these two assumptions, equation (3) may 
written 


(4) 


The right hand member this equation is, therefore, the deriva 
(x, this derivative 


one sets 


the above equation reduces 
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large that relatively insignificant and 
may consequently neglected, tion (6) becomes 


which upon integration yields Pearson’s Type III frequency curve, 


Thus, equation (8) has been obtained without resorting to. the 
method moments. 


(b) Means Differential Equation 


Another method* developing Pearson’s Type III curve 
means the differential equation 


dy_ a-t 
(9) 


which suggested certain characteristics unimodal frequency 
distributions. Equation (9) capable representing frequency 
function this type, since 


(a) approaches zero, the first derivative must also ap- 
proach zero, and 


(b) the frequency distribution unimodal between the limits 
the distribution, there must only one value, say for 
which the derivative zero. 


equation (9) denotes the abscissae units the standard 


*Carver’s “Frequency Curves,” Handbook Mathematical 
Rietz and Others. 
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deviation, and function that does not vanish any point 

equation (9) may take the following form: 


clearing equation (10) fractions, multiplying both sides 
and integrating both members with respect between the 


(11) 


which can written the form 


since the expression the first bracket vanishes the limits, and 


sufficient retain the first term only, then from equation (12), 
placing successively one has 


b,=1 


substituting these values equation (10) and then integrat- 
ing, one obtains 


(13) 


a=0 


which the normal curve error, being expressed standard units. 


the series the first two terms retained instead 
only, then equation (12) gives 


(14) 


the values given equations (14) substituted equation 
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(10), then upon integration one obtains 

| 


(15) 


This equation the same equation (8) and satisfies the con- 


The substitution the constants (14) equation (12) yields 
the following recurrence relation the functional Type 


find the recurrence relation the functional moments for the 
normal curve error, set equal zero and hence relation (16) 
reduces the simple relation 


(17) 


since 


follows from relation (17) that 


(18) 


For the moments even order one writes from relation (17) 
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The normal curve error has been derived retaining the first 
term only the series However, can shown that this 
curve the limit Type III curve the skewness approaches zero. 
For, taking the logarithms both sides equation (15), one has 


Therefore, 


which agrees with equation (13). 


The constant equations (13) and (15) determined 
imposing the condition that 


(20) becomes 


Therefore, 


(21) 
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where 


With the aid Sterling’s formula, equation (21) can written 


For the normal curve error, that is, when equation 
(22) reduces 


and hence for the foregoing specialization with respect equation 
(15) 


The intention was have the Tables correct six decimal places. 
this end all computations areas, ordinates and derivatives were 
carried through eight significant digits accuracy, which frequently 
meant ten twelve decimal places. The results were then cut down 
the nearest sixth decimal place, and believe they this degree 
accuracy. 


TABLE 


AREAS THE STANDARDIZED 


‘TYPE III FUNCTION 


PEARSON'S TYPE FUNCTION—AREAS 


-4.87 .000001 —~4,87 
000002 
000003 


SKEWNESS 


4.99 
-4.98 -4.98 
-479 
474 
471 


4.25 .000011 .000002 
~4.10 .000021 .000005 4.10 
~4.07 .000023 .000006 .000001 
~4.02 .000029 .000008 .000001 


SKEWNESS 


4 
4.43 
4.37 
4.36 
4.33 
421 
4.19 
4.11 
-4.10 
4.07 
-4.03 


SKEWNESS 
-3.96 .000037 .000011 .000002 
~3.82 .000067 .000023 .000005 
.000088 .000032 .000008 .000001 -3.75 
.000159 .000065 .000019 .000003 -3.60 


SKEWNESS 


-3.95 
~3.89 
--3.80 
-3.79 
-3.76 
~3.72 -3.72 
~3.62 
-3.61 
-3.52 
-3.51 


TYPE 


SKEWNESS 


t 
.000349 .000168 .000062 .000014 .000001 -3.39 
.000376 .000183 .000069 .000017 .000002 -3.37 
.000390 .000191 .000073 .000018 .000002 -3.36 
.000466 .000236 .000095 .000025 .000003 3.31 
.000483 .000247 .000100 .000027 .000003 -3.30 
-3.09 .001001 .000580 .000283 .000104 .000023 .000002 -3.09 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


-3.41 
-3.40 
| 
-3.38 
-3.31 
-3.29 
-3.21 
-3.19 
-3.16 
-3.15 
-3.13 
-3.11 
-3.10 
-3.05 -3.05 
-3.03 
-3.01 
-3.00 


TYPE FUNCTION—AREAS 


SKEWNESS 
~2.95 .001589 .000994 .000540 .000234 .000069 .000009 -2.95 
.002118 .001385 .000801 .000383 .000132 .000024 -2.86 
.002803 .001911 .001171 .000610 .000242 .000057 -2.77 
-2.76 .002890 .001980 .001220 .000641 .000258 .000063 -2.76 
--2.70 .003467 .002437 .001557 .000862 .000378 .000108 -2.70 
.004269 .003089 .002053 .001203 .000576 .000192 -2.63 
.004396 .003194 .002134 .001260 .000611 .000208 2.62 


PEARSON'S TYPE FUNCTION—AREAS 


SKEWNESS 


-2.97 
.000001 
.000001 
-2.82 .000002 
-2.81 
-2.80 .000002 -2.80 
-2.79 .000003 
.000003 
.000004 
-2.75 .000005 
-2.73 .000007 
.000011 
-2.69 .000013 
.000017 
.000020 
.000029 


PEARSON’S TYPE FUNCTION—AREAS 


.009903 


.011953 
.012293 
.012642 
.012999 
015778 .013365 
.013739 
.014122 
.014515 
017429 
.015327 


010369 .008215 .006140 .004218 .002542 -2.24 
-2.09 
006281 
-2.05 
-2.04 006885 -2.04 
007203 -2.03 
007534 -2.02 
2.00 008231 -2.00 


PEARSON’S TYPE 


SKEWNESS 


-2.47 .000176 .000015 
-2.46 .000195 .000018 
-2.45 .000214 .000021 
-2.41 .000311 .000042 
-2.40 .000340 .000049 
~2.39 .000372 .000057 
-2.34 .000569 .000115 .000002 
-2.32 .000668 .000149 .000004 
.000845 .000215 .000010 -2.29 
-2.26 .001060 .000304 .000021 
-2.25 .001140 .000339 .000027 
.001226 .000378 .000034 ~2.24 
-2.20 .001623 000571 .000075 -2.20 
-2.16 .002119 .000838 .000151 
-2.14 .002410 .001005 .000207 .000002 
~2.09 .003280 .001539 .000421 .000017 
.003692 .001807 .000543 .000033 -2.07 


-1.87 .030742 .027754 


.033625 
.034379 
.035148 
.035930 


.033656 


-1.77 .038364 .035280 
-1.76 .039204 .036116 


.044565 


.051551 
.052616 
.053699 
.054799 


.055917. 


042416 
044368 
045371 
046390 
047428 
048484 
049559 
050652 
051763 


058835 


TYPE FUNCTION—AREAS 


.028068 


049420 .045365 
.046605 
.047870. 
053189 .049159 

.050473 
055816 .051812 


014615 
015091 
015581 
016083 
016598 
017126 
017668 
018223. 
018793, 
019377 


.016542 
.020588 .017118 
.017710 
.018318 


.026806 .023043 .019089 
.030005 .026138 .022036 
.032594 .028662 
.02°543 
.030445 


.031368 
.036310 .032311 
.037288 .033276 
.034262 
.039305 .035270 
.036300 
.041403 .037353 
.038428 
.039525 
.040646 


.041791 
.042958 
.044150 


> 
-1.96 .024998 .022155 .019174 -1.96 
-1.90 
-1.83 
-1.79 
-1.70 
-1.67 
-1.63 
048407 .036202 -1.60 
-1.54 .061780 055555 -1.54 


| 


021666 


— 


022522 
025238 
026194 
027175 
028185 
029218 


033629 
034801 
232 
041096 
042444 


017737 


.016838 
023090 


019612 


i 

i 

! 

| 


i 

a 


015528 


.027262 
035081 .029766 
037018 


t 


qa 
SKEWNESS 
1.99 
1.97 
1.96 
1.92 192 
191 
1.90 
1.88 
1.86 -1.86 
1.81 
-1.76 
1.72 

1.67 
-1.62 1.62 
150 


SKEWNESS 
1.15 125072 .122288 .120415 .118169 115498 1.15 
125968 124500 .122705 120541 .117958 1.14 
~1.09 137857 137041 .135955 .134566 132836 .130717 
144572 .143985 .143142 .142012 .140558 .138738 1,06 
1.04 .149170 .148740 148064 .147112 .145850 --1.04 
Ee 


.102456 
.122756 


.154029 


.055718 
.057506 
.063083 


.081780 
093444 


111287 
113078 


.039790 


044203 
052252 


.033800 
044547 


SKEWNESS 


.030063 


041252 


119464 


.049741 
.057225 
.059196 
.063260 
065353 


.078756 


.096210 


044852 
056738 
.061064 


.067891 
.070256 
.072666 
.077620 


.114005 


TYPE FUNCTION--AREAS 


.032060 


.039208 
051496 
053725 


.056007 
.060723 


.017923 


-1.47 
-1.46 
-1.37 -1.37 
038756 
071164 
-1.13 
.115220 .109283 |-1.08 
~1.01 .134621 


PEARSON’S TYPE III FUNCTION—AREAS 


.220650 
.232695 


.270931 


.287740 
.291160 


.216542 
.219568 
.222616 


.267620 
.270993 


SKEWNESS 


.253819 
.257186 
.270858 
.277813 


.188780 
.210208 


.219756 
.229514 


173989 


.227869 
.245026 


.229359 


TYPE FUNCTION—AREAS 


SKEWNESS 


.223491 .224366 .225012 .225393 .225468 .225186 
.252804 .254761 .256570 .258210 .259654 .260869 


.283365 .286343 .289242 .292048 .294745 .297315 
.287261 .290361 .293389 .296333 .299177 .301903 


.86 
- 
.66 
.60 
.55 
.53 
.52 .52 
.50 


432505 
452242 
456205 


430963 
438882 


442849 


454775 


.470719 


343525 
351125 


433311 


445284 
.449282 


.505319 


.389388 


454113 


| 
4 
PEARSON’S TYPE FUNCTION—AREAS 
} 


PEARSON’S TYPE FUNCTION—AREAS 


427618 


SKEWNESS 


478249 


375519 


495612 


SKEWNESS 


.568531 


.572390 
.580069 


.005464 


.610214 
.613913 
.617596 
615256 .621263 
.624913 


.670757 
.674153 
.677530 


.680887 


.20 .20 
= = 
.29 .29 


PEARSON’S TYPE FUNCTION—AREAS 


585317 


622422 


SKEWNESS 


563791 


.706984 
.719007 


671021 


573177 


TYPE FUNCTION--AREAS 


SKEWNESS 


| 


719591 
722681 
728798 


749532 
.758093 
760902 


771923 


PEARSON’S TYPE III FUNCTION—AREAS 


730947 


790908 


.737770 
751416 


774590 


841345 
853141 


.866500 


896165 
.899727 


.904902 


.9207 
.922196 
930563 

931888 


841442 


.869914 
871943 


877894 


883642 
889191 


.901376 


903032 


.921296 
.924062 


841721 
861213 


875131 
877032 


.901440 


913611 


925863 


SKEWNESS 


842165 


846515 


.866964 
874548 
876393 
880019 


881802 


893720 


.991646 


903174 


907646 


.916099 


917446 


.920087 
922660 


923921 


927134 925165 


TYPE FUNCTION—AREAS 


846975 
859121 
864915 
872354 
874164 
875954 
877724 
879474 
886281 
891186 
892783 .892050 
894362 
895922 .895102 
900493 
901980 
903450 
904902 
906336 
907753 
910534 
911899 
913247 
914579 
915893 
917191 
919738 
920987 
923438 921933 


101 
1.02 
1.20 
1.22 
125 
1.24 
1.26 
1.27 
1.28 
1.30 
1.31 
1.34 
1.37 10684 
1.38 
1.39 
1.40 
1.42 
1.43 
1.44 
1.45 
1.46 
1.47 
1.48 


PEARSON’S TYPE FUNCTION—AREAS 


895931 .894904 


310912 .909318 .908764 


SKEWNESS 
894849 .894919 
896146 
.898666 
.899888 
.902294 
| 


TYPE FUNCTION—-AREAS 


SKEWNESS 


On 


949500 
950387 


151 
154 
é 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


.919738 
.920729 
.921708 
.922676 
.923633 
.924579 
.925515 


.942838 .941300 .939932 .938725 


— 


1.63 
1.64 
1.65 
1.66 
1.67 
1.68 
1.69 
1.70 
1.72 
1.73 
1.75 
1.76 
1.77 
1.78 
1.79 
1.80 
1.81 
1.82 
1.83 
1.84 
1.85 
1.86 
1.87 
1.88 
1.89 
1.90 
1.91 
1.92 
1.93 
1.94 
1.95 
1.95 
1.98 
1.99 


We WW WW WW 


SOND uit Wht = © 


TYPE FUNCTION—AREAS 


.980774 


.982997 
.985371 


987455 


989276 
990358 


990613 


993244 


.965600 
.967863 
.969473 
.970505 


.971996 
.973879 
.975216 


.976491 


.979970 


.976761 
.978264 


.980137 
.981449 
.981869 


983849 
.986627 


.987852 


989244 


992025 


SKEWNESS 


.974326 


.982056 


982439 


YRO 202 ? 


.987096 
382 
.987662 


988207 
989232 
.9897 
989948 
990401 


985545 


970375 

971487 
972030 
972563 
973088 
973604 
974111 
974609 


.975100 
979151 


.983973 


984620 
984934 


986134 


987514 


.967626 


.968768 


.972991 
.974439 
.974907 


.981060 


.985823 
.986369 


.980326 


.981022 
.981361 


.983283 


983883 


2.00 
2.05 
2.03 
2.07 
2.05 
2.06 
2.09 
2.10 
2.14 
2.13 
2.16 
2.20 
2.24 
22 | | 
2.28 
2.26 
2.27 
2.34 
2.38 
241 
2.43 
2.45 
2.46 
| | 
2.47 
249 


TYPE III FUNCTION—AREAS 


.969158 
.972056 


.973848 
.974280 


.978619 
.978978 


.980024 
.980694 


.981660 


.982880 


.984026 


971715 


.976626 
.976998 


.978776 


.980743 


SKEWNESS 


971017 
971450 
971877 
972299 
972714 
973124 
973528 
973927 
974320 


.975466 


.979908 
.980216 
.980820 


.976891 


.961978 


.972678 


.975566 


.976242 


.976900 


2.00 .963723 .961992 .960402 .958946 2.00 
2.03 .965437 .963705. .962109 .960644 2.03 
2.04 .965992 .964260 .962663 961196 2.04 
2.08 .968133 .966405 .964806 .963331 .960740 2.08 
2.24 .973866 .970834 .969472 .968209 2.24 
2.29 .975866 2.29 
2.38 .976203 2.38 
2.40 2.40 
2.41 2.41 
2.43 2.43 
2.44 2.44 
2.45 2.45 
2.46 2.46 
2.48 


Uk © 


75. 


PEARSON'S TYPE FUNCTION—AREAS 


.996093 


.996636 
.9967 36. 
.996833 
.996928 


997020 


997445 


.997673 


997882 


.992612 


.994299 


.995264 


996185 


.996766 


997821 


.990836 
992222 


.992926 
.993256 
.993416 


993875 


994305 


994442 
994835 
994960 
995083 
995203 
995320 


.995656 
.996070 


996167 


.996536 
.996623 
996791 
.99687 


997028 


991138 
991329 


991880 


992230 


992888 


.993044 
993347 


993494 


993918 


.994690 
.995154 


996064 


.991921 


.987403 


.990093 
.990291 


991582 


.992561 
992714 


992863 


993010 


993154 


993570 


.993703 


994333 


994451 


995219 


986844 


.987087 


988675 
.989094 


.991156 


992123 
992274 
.992568 
.993126 


.993645 
.993890 


252 
2.56 
2.58 
2.62 
264 
265 
272 272 
273 273 
274 
— 
277 
2.80 
2.82 
2.83 
284 
2.87 
2.90 
291 
2.93 
2.95 
2.96 
2.97 
297 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


.984301 .982824 .981407 .980056 .978774 .977562 


.986821 .985437 .984098 .982811 .981580 .980409 


2.50 2.50 
2.51 2.51 
2.52 2.52 
2.53 2.53 
2.54 2.54 
2.55 
2.56 2.56 
2.57 2.57 
2.58 
2.59 2.59 
2.60 2.60 
2.61 2.61 
2.62 2.62 
2.63 2.63 
2.64 2.64 
2.65 2.65 
2.66 2.66 
2.67 2.67 
2.68 268 
2.09 2.69 
2.72 272 
2.73 2.73 
2.74 2.74 
275 2.75 
2.76 2.76 
2.77 2.77 
2.78 
2.79 2.79 
2.80 
2.81 
2.82 2.82 
2.83 2.83 
2.34 2.84 
2.85 
2.80 2.86 
2.87 2.87 
2.88 2.88 
2.39 2.89 
2.90 .987029 2.90 
2.91 .987208 2.91 
2.92 .987384 2.92 
2.93 2.93 
2.94 .987730 2.94 
2.95 .987899 2.95 
2.96 .988066 2.96 
2.97 .988231 2.97 
2.98 .988394 2.98 


ue w 


tho 
O 


.998694 
998856 


999211 


.999359 


.998001 
998272 


998508 
998552 
998594 
998635 
998675 


.998990 
.999106 


© 


Ww WW Wo? 


W 


w= 


.999730 
999749 


.999210 


999404 
999441 
.999492 
.999508 


SKEWNESS 


.997320 


997937 
998241 


.998763 


.999008 


.999207 


999229 


.996659 


.997170 

997721 


997829 
997881 
.998170 


998258 
998342 
998382 
998422 
998461 
998499 
998535 
998607 


.998740 
998861 


.996062 


.996390 
.996545 
.996904 


.997520 


.997928 
.997974 


.998150 
998423 
998459 
998494 


.994681 
.994990 
.995282 
.995376 


3.00 3.00 
3.01 3.01 
3.02 3.02 
3.03 3.03 
3.04 3.04 
3.05 3.05 
3.06 
3.07 3.07 
3.08 3.08 
3.09 3.09 
3.10 
995733 
995819 
3.14 
995984 
996065 3.16 
996144 3.17 
3.18 
996298 3.19 
996372 3.20 
996445 3.21 
996517 3.22 
996588 
996657 3.24 
3.25 
996791 3.26 
3.27 
996920 3.28 
996983 3.29 
997045 3.30 
997105 3.31 
3.32 
997222 3.33 
3.34 
997335 3.35 
3.36 
997443 3.37 
997496 3.38 
997547 3.39 
997648 
997696 3.42 
997791 3.44 
3.45 3.45 
3.46 3.46 
3.47 997926 
3.48 997969 3.4 


PEARSON’S TYPE III FUNCTION—AREAS 


.996756 

.996878 


.997054 


.996420 


.996608 


.996901 


SKEWNESS 


.994980 
.995063 


.995460 


.995610 


.996164 


.994316 


.995070 
995589 


993165 


.993750 


.991710 
.991826 
.991941 


.992166 
.992276 


.993297 


3.03 .993948 .992988 .992022 .991060 .990109 .989176 3.03 
3.06 .994276 .993345 .992405 .991465 .990535 .989621 3.06 
3.08 .994486 .993573 .992650 .991726 .990809 .989907 3.08 
3.10 .994688 .993794 .992888 .991979 .991076 .990186 3.10 
3.11 .994786 .993902 .993004 .992102 .991206 .990323 3.11 
3.22 .995762 .994975 .994167 .993348 .992527 3.22 
3.23 .995063 .994263 .993452 .992637 3.23 
3.26 .996072 .995319 .994543 .993753 .992958 3.26 
3.27 .996146 .995401 .994633 .993850 .993062 3.27 
3.30 .996360 .995640 3.30 
3.33 .996563 .995868 3.33 
3.34 .995941 3.34 
3.36 .996083 3.36 
3.38 
3.39 .996289 3.39 
3.40 3.40 
3.41 3.41 
342 3.42 
3.44 3.44 
3.46 3.46 
3.48 3.48 
3.49 3.49 


3.67 


999815 


.999594 
999644 
.999655 
.999666 


TYPE 


.999603 
.9996 
.999686 


.999705 
.9997 


SKEWNESS 


999312 


999591 


999183 
999203 
999263 


.999693 


998528 
998562 
998058 


999338 
999369 


999195 


.998172 
.998210 
998248 
998285 


.998930 


3.50 

351 

3.52 

3.53 
3.54 

3.55 
3.56 
3.57 
998777 3.58 
998805 3.59 
3.60 
3.61 
3.73 999904 999798 3.73 
3.80 .999928 .999840 3.80 
3.81 999931 999846 3.81 
3.84 .999861 3.84 
3.86 .999870 3.86 
3.90 .999887 999781 3.90 
3.94 .999902 .999806 3.94 


PEARSON’S TYPE III FUNCTION—AREAS 


.997685 


.997623 
.997704 
.997743 
.997782 


.997820 
998277 .997857 
.998308 .997894 
.997930 
.998001 
.998035 
.998069 
.998102 
.998135 


.998167 
.998570 .998199 
.998230 
.998261 
.998291 
.998320 
.998697 .998349 
.998378 
.998406 
.998434 


SKEWNESS 
3.83 998712 997489 997023 3.83 


SKEWNESS 


4.02 .999926 .999849 .999732| .999572| 4.02 
4.20 
4.22 
4.24 
4.26 |.999990 
.999970 
4.29 999972 
4.30 .999973 
.999976 
4.38 |.999994 
4.40 |.999982 
4.42 |.999995 |.999983 
|.999984 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


999527 9988 998607 

.999414 


.999600 .999436 

.999458 
.999624 .999468 
.999488 
.999498 
.999508 


4.00 .999086 .998792 .998461 .998098 .997708 .997296 4.00. 
4.10 .999255 .999000 .998709 .998387 .998037 .997664 4.10 
4.21 .998937 .998655 .998345 998012 4.21 
4.29 .999078 .998822 998540 .998233 4.29 
4.31 4.31 
4.32 4.32 
4.33 4.33 
4.34 4.34 
4.38 4.35 
4.36 4.36 
4.37 4.37 
4.38 4.38 
4.39 4.39 
oO 


PEARSON’S 


SKEWNESS 


‘ 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


.999288 


.999356 


.999408 


— 


PEARSON’S TYPE Ill FUNCTION—AREAS 


SKEWNESS 


5.16 
5.17 
5.18 
5.19 
5.20 
5.21 
5.23 
5.24 
5.26 
5.27 
5.28 
5.29 
5.30 
5.31 
5.32 
5.33 
5.34 
5.35 
5.36 
5.37 
5.38 
5.39 
5.40 
5.41 
5.42 
5.43 
5.44 
5.45 
5.46 
5.47 
5.48 
5.49 


5.01 .999998 .999966| 5.01 
5.03 .999999 .999995 5.03 
5.05 .999999 .999995 5.05 
5.06 .999999 .999995 5.06 
5.09 .999999 .999996 5.09 
5.13 .999999 .999996 .999952 
.999999 .999997 .999990 .999956 
.999999 .999997 .999991 .999957 
.999999 .999997 .999991 .999958 
.999999 .999997 .999991 .999959 
.999999 .999991 .999960 
.999999 .999997 .999992 .999962 
.999999 .999997 .999992 .999963 
.999999 .999998 .999993 .999964 
.999999 .999998 .999993 .999966 
.999998 .999993 .999967 
.999998 .999994 .999968 
.999998 .999994 .999969 
.999998 .999994 .999970 
.999998 .999994 .999971 
.999998 .999994 .999986 .999971 
.999998 .999995 .999973 
.999998 .999995 .999988 
.999999 .999996 .999976 
.999999 .999996 .999989 
.999999 .999996 .999990 
.999999 .999996 .999978 


PEARSON’S TYPE III FUNCTION—AREAS 


SKEWNESS 


PEARSON’S TYPE III FUNCTION--AREAS 


SKEWNESS 


COONAN 


999998 .999995 5.72 
.999999 999996 


PEARSON’S TYPE FUNCTION--AREAS 


SKEWNESS 


nn nnn 


.999902 


.999912 
.999916 
.999918 


.999972 .999951 .999920 .999879 .999826 .999761 
.999973 .999952 .999922 .999881 .999829 .999765 
.999973 .999953 .999923 .999883 .999832 .999768 
.999976 .999957 .999930 .999893 .999845 .999786 
.999978 .999960 .999934 .999898 .999852 .999795 
.999979 .999961 .999936 .999857 .999801 
.999979 .999962 .999938 .999859 .999804 
.999980 .999963 .999939 .999862 .999807 
.999980 .999965 .999941 .999866 .999813 
.999981 .999966 .999943 .999871 .999819 
.999983 .999969 .999947 .999879 .999830 
.999983 .999969 .999881 .999832 
.999984 .999970 .999949 .999883 .999835 
.999984 .999971 .999951 .999840 
.999985 .999972 .999952 .999842 
.999986 .999973 .999955 .999849 
5.95 .999987 .999975 .999957 .999899 .999856 5.95 
5.96 .999987 .999976 .999958 .999858 5.96 
5.98 .999988 .999960 .999904 .999863 5.98 
5.99 .999988 .999977 .999960 .999865 5.99 


PEARSON’S TYPE 


SKEWNESS 
6.19 999999 6.19 


TYPE III 


SKEWNESS 


999961 

.999963 
.999965 
.999967 
.999967 


.999973 


.999976 
.999976 
.999976 


.999979 


.999918 


.999925 
999927 
.999929 


.999896 
.999899 


999939 999869 6.01 
6.15 .999992 6.15 
6.16 .999992 6.16 
6.17 .999992 6.17 


SKEWNESS 


.999999 
.999999 


6.50 
999999 
6.52 
6.56 
6.58 
6.59 
6.60 
6.62 
6.64 
6.66 
6.67 
6.68 
6.69 
999999 670 
6.75 
676 6.76 
6.77 
999999 6.80 
6.82 
6.83 
6.84 
685 
6.86 
6.89 
6.90 
691 
6.92 
6.93 
6.95 
6.95 
697 6.97 
6.98 
6.99 
His 


PEARSON’S TYPE FUNCTION—AREAS 


.999997 
.999997 


.999997 
.999997 


999998 


999999 
999999 


999995 


999997 


SKEWNESS 


.999986 
.999986 


999992 
RHI 


999969 


.999979 


999981 


963 


.999969 


.999969 
.999970 


6.50 6.50 
6.51 6.51 
6.52 6.52 
6.53 6.53 
6.54 
6.55 
6.56 6.56 
6.57 
6.58 
6.59 6.59 
661 6.61 
6.62 6.62 
6.63 
6.64 
6.65 6.65 
6.66 
6.67 
6.70 
671 
6.72 672 
6.73 
6.74 
6.75 6.75 
6.76 676 
6.78 
6.79 6.79 
6.80 
6.82 6.82 
6.84 
6.85 6.85 
6.86 6.86 
6.88 
689 6.89 
6.93 
6.94 


SKEWNESS 
7.00 
7.01 
7.02 7.02 
7.03 7.03 
7.04 7.04 
7.05 7.05 
7.06 7.06 
7.07 7.07 
7.08 7.08 
7.09 7.09 
7.10 7.10 
7.11 7.11 
7.12 7.12 
7.13 7.13 
7.14 7.14 
7.15 
7.16 7.16 
7.17 7.17 
7.18 7.18 
7.19 7.19 
7.20 7.20 
7.21 7.21 
7.22 
7.23 7.23 
7.24 7.24 
7.25 7.25 
7.26 7.26 
7.27 
7.28 7.28 
7.29 7.29 
7.30 7.30 
7.31 7.31 
7.32 
7.33 7.33 
7.34 7.34 
7.35 
7.36 
7.37 7.37 
7.38 7.38 
7.39 7.39 
7.40 7.40 
7.43 7.43 
7.44 
7.45 
7.46 7.46 
7.47 7.47 
7.49 7.49 


TYPE 


999999 


7.05 .999999 
7.06 
7.07 99999 
7.08 
7.09 
711 
7.12 .999999 
7.13 
7.14 
7.15 .999999 
7.16 .999999 
7.17 .999999 
7.18 
7.19 .999999 
7.20 .999999 
7.21 
7.22 
.999999 
7.30 
7.34 

7.35 

7.36 

7.37 

7.38 

7.39 

7.40 

7.41 

7.43 

7.44 

7.45 

7.47 

7.48 


.999997 
999998 


.999998 


999998 


.999999 


999999 


.999999 


— 

— 

— 


.999994 
999995 
999995 


.999996 
.999996 


.999996 
.999996 
.999996 
.999996 
.999996 
.999997 
.999997 


.999997 
.999997 
.999997 


x 
.999998 


SKEWNESS 


.999991 
999991 


.999991 


999992 


999993 


.999987 


999980 7.20 
7.23 
7.24 
999981 7.25 
7.26 
7.27 
7.28 
7.29 
7.30 
7.31 
999983 7.32 
7.35 
7.36 
7.37 
7.38 
7.39 
999985 7.40 
7.41 
7.42 
7.43 
7.44 
7.45 
7.46 
7.47 
.999987 7.48 


7.17 
7.19 
999994 


SKEWNESS 


Lad 


7.50 
7.51 
7.52 
7.53 
7.54 
7.55 
7.56 
7.57 
7.58 
7.59 


7.61 
7.62 7.62 
7.63 7.63 
7.64 
7.65 7.65 
7.66 
7.67 7.67 
7.68 7.68 
7.69 7.69 
7.70 7.70 
7.71 
7.72 7.72 
7.73 7.73 
7.74 7.74 
7.75 7.75 
7.76 7.76 
7.77 7.77 
7.78 7.78 
7.79 7.79 
7.80 7.80 
7.81 781 
7.82 7.82 
7.83 7.83 
7.85 7.85 
7.86 
7.87 7.87 
7.88 7.88 
7.89 7.89 
7.90 7.90 
7.91 791 
7.92 
7.93 7.93 
7.94 7.94 
7.95 7.95 
7.97 7.97 
7.98 7.98 
799 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


NNNNNNNN 


7.50 
7.51 
7.52 
7.53 
7.54 
7.55 
7.56 
7.57 
7.58 
7.59 


N 


.999999 


TYPE FUNCTION—AREAS 


SKEWNESS 


8.00 8.00 
8.01 8.01 
8.02 8.02 
8.03 
8.04 8.04 
8.05 8.05 
8.06 8.06 
8.07 8.07 
8.08 8.08 
8.09 8.09 
8.10 8.10 
8.11 8.11 
8.12 8.12 
8.13 8.13 
8.14 8.14 
8.15 8.15 
8.16 8.16 
8.17 
8.18 8.18 
8.19 8.19 
8.20 8.20 
8.21 
8.22 
8.23 
8.26 
8.27 
8.28 8.28 
8.29 8.29 
8.30 8.30 
8.31 
8.32 
33. 
8.34 
8.36 
8.37 §.37 
8.38 
8.39 
8.40 
8.41 
8.41 
8.42 
8.43 
8.43 
8.44 
8.44 
8.45 
8.45 
8.46 
8.46 
8.47 
8.48 
8.49 


8.00 
8.02 
8.03 
8.00 
8.08 


8.10 
8.11 


8.12 .999999 
8.13 
8.14 .999999 
8.15 .999999 
8.17 .999999 
8.18 


SKEWNESS 


.999999 


.999999 
.999999 


999999 


PEARSON’S TYPE 


999998 


999998 


.999999 


.999996 
.999996 


999996 


.999996 


.999997 
.999997 
.999997 


8.13 
8.14 
8.15 
8.16 
8.17 
8.19 
8.20 8.20 
8.21 8.21 
8.22 8.22 
8.23 
8.24 8.24 
8.25 8.25 
8.26 
8.27 8.27 
8.28 
8.29 8.29 
8.30 8.30 
8.32 
8.33 8.33 
8.34 
8.35 8.35 
8.36 
8.37 8.37 
8.38 8.38 
8.39 8.39 
8.40 
8.41 
8.42 
8.43 8.43 
8.44 
8.45 
8.46 
8.47 
8.48 8.48 
8.49 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


8.50 8.50 
8.51 8.51 
8.52 8.52 
8.53 8.53 
8.54 8.54 
8.55 8.55 
8.56 
8.57 8.57 
8.58 
8.59 8.59 
8.61 8.61 
8.62 
8.63 8.63 
&.64 8.64 
8.65 8.65 
8.66 
8.67 
8.68 8.68 
8.69 8.69 
8.70 8.70 
8.71 
8.72 8.72 
8.73 
8.74 8.74 
8.75 8.75 
8.76 8.76 
8.77 8.77 
8.78 
8.79 
8.80 
8.81 
8.82 
8.83 
8.84 
8.85 8.85 
8.86 8.86 
8.87 8.87 
8.88 8.88 
3.89 8.89 
8.90 8.90 
8.91 8.91 
8.92 8.92 
8.93 8.93 
8.44 8.94 
8.95 8.95 
8.96 8.96 
8.97 8.97 
8.98 
8.99 8.99 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


8.50 
8.51 
8.52 
8.53 
8.54 
8.55 
8.56 
8.57 
8.58 


8.59 .999999 .999999 8.59 
8.64 .999999 .999998 8.04 
8.65 .999999 8.65 
8.66 .999999 .999998 8.66 
8.67 .999999 999998 8.67 
8.68 .999999 .999998 8.68 
8.69 .999999 .999998 8.69 
8.70 .999999 .999998 8.70 
8.72 .999999 999998 8.72 
8.73 .999999 .999998 8.73 
8.75 .999999 8.75 
8.76 .999999 999998 8.76 
8.79 .999998 8.79 
8.80 .999999 8.80 
8.82 .999999 .999998 8.82 
8.86 .999999 .999999 8.86 
8.87 .999999 8.87 
8.89 .999999 .999999 8.89 
8.90 .999999 .999999 
8.91 .999999 .999999 
8.92 .999999 .999999 8.92 
8.93 .999999 .999999 8.93 
8.94 .999999 .999999 8.94 
8.95 .999999 8.95 
8.96 .999999 .999999 8.96 
8.97 .999999 .999999 8.97 
8.98 .999999 .999999 8.98 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


= 
9.00 9.00 
9.01 
9.02 9.02 
9.03 9.03 
9.04 9.04 
9.05 9.05 
9.06 9.06 
9.07 9.07 
9.08 9.08 
9.09 9.09 
9.10 9.10 
9.11 9.11 
9.12 9.12 
9.13 9.13 
9.14 9.14 
9.15 9.15 
9.16 9.16 
9.17 
9.18 
9.19 9.19 
9.20 9.20 
9.21 9.21 
9.22 9.22 
9.23 9.23 
9.24 9.24 
9.25 9.25 
9.26 9.26 
9.27 
9.28 9.28 
9.29 9.29 
9.30 9.30 
9.31 
9.32 9.32 
9.33 9.33 
9.34 9.34 
9.37 9.37 
9.38 9.38 
9.39 9.39 
9.40 9.40 
9.41 
9.42 9.42 
9.43 9.43 
9.44 9.44 
9.45 9.45 
9.46 9.46 
9.47 9.47 
9.48 9.48 
9.49 9.49 


PEARSON’S TYPE III FUNCTION—AREAS 


SKEWNESS 


.999999 


1 
{ 
9.02 .999999 .999999 9.02 
9.03 .999999 999999 
9.04 .999999 9.04 
9.06 .999999 9.06 
9.07 .999999 9.07 
9.08 .999999 9.08 
9.09 .999999 9.09 
9.10 .999999 9.10 
9.11 .999999 
9.12 .999999 9.12 
9.13 9.13 
9.14 .999999 9.14 
9.15 .999999 9.15 
9.16 .999999 9.16 
9.19 .999999 9.19 
999999 
9,23 .999999 9.23 
.999999 
925 999999 
9.26 999999 9.26 
9.28 
9.29 .999999 
9.30 .999999 9.30 
9.31 .999999 9.31 
9.32 
9.33 .999999 
9.34 .999999 9.34 
9.35 .999999 9.35 
9.36 .999999 9.36 
9.37 .999999 9.37 
9.38 .999999 9.38 
9.39 .999999 9.39 
9.40 .999999 9.40 
9.41 .999999 9.41 
9.42 .999999 9.42 
9.43 .999999 9.43 
9.44 999999 9.44 
9.45 .999999 9.45 
9.46 9.46 
9.47 .999999 9.47 
9.48 9.48 
9.49 999999 9.49 


PEARSON’S TYPE FUNCTION—AREAS 


SKEWNESS 


| 
9.50 
9.50 9.50 
9.52 
953 
9.54 9.54 
9.57 
9.58 
9.58 
9.60 
961 
9.63 
9.65 
9.67 
9.70 
972 
974 
977 
981 
983 
9.85 
9.86 
9.87 9.87 
9.88 
9.90 
9.90 
9.92 9.92 
9.93 
9.95 
9.95 
9.97 
9.97 9.97 
9.99 


TYPE 


SKEWNESS 
9.50 .999999 19.50 
9.52 
9.54 9.54 
9. 5 5 9.55 ad 
9.56 
9.57 
9.59 
9.60 
O61 9.61 
9.64 9.64 
9.65 9.65 
9.66 
9.67 9.67 
9.68 9.68 
9.69 9.69 
9.70 9.70 
9.72 
9.73 
9.74 
9.75 
9.76 9.76 
977 
978 9.78 
979 
9.80 
981 981 
9.84 
9.87 9.87 
9.88 
9.89 
9.90 
991 9.91 
9.92 
9.93 
9.94 9.94 
9.95 
9.96 9.96 
9.97 
9.98 9.98 
9.99 9.99 


TABLE 


ORDINATES THE 


TYPE FUNCTION 


PEARSON'S TYPE FUNCTION—ORDINATES 


SKEWNESS 


! 


i 


-5.36 
| | 
.000001 


~ 
~ 


SKEWNESS 
-5.48 
-5.36 -5.36 
-5.29 
-5.24 -5.24 
-5.23 —5.23 
-5.15 
-5.14 -5.14 
~5.09 -5.09 
—5.06 -5.06 
—5,00 -5.00 


PEARSONSS TYPE 


nas 
.000002 
.000002 
-4.97 .000002 
.000002 
.000002 -492 
.000002 
-4.89 .000003 
.000003 
.000003 
.000003 
.000003 
.000004 
000005 .000001 4.76 
-4.60 000010 .000002 4.60 
-4.53 000014 .000003 4.53 


PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


4.98 4,98 
: 4.96 
4.94 
-4.93 -4,93 
491 
4.83 | 
4.82 
4.81 | 4.81 
476 
4.73 
472 
471 471 


PEARSON’S TYPE FUNCTION—ORDINATES 


SKEWNESS 


4.43 .000022 .000005 
-4.42 .000023 .000005 .000001 
-4.37 .000028 .000007 .000001 
.000037 .000010 .000001 4.31 
-4.09 .000093 .000030 .000006 
-4.07 .000101 .000034 .000006 
-4.02 .000124 .000043 .000009 .00000) 


PEARSON’S TYPE FUNCTION—ORDINATES 


4.30 
-4.29 


q 
-4.49 
~~ 


PEARSON’S TYPE FUNCTION—ORDINATES 


SKEWNESS 


-3.78 .000315 .000136 .000040 .000006 -3.78 
-3.73 .000380 .000171 .000009 -3.73 
-3.72 .000394 .000178 .000057 .000009 -3.72 
-3.70 .000425 .000195 .000064 -3.70 
-3.66 .000492 .000233 .000080 000001 -3.66 
-3.65 .000510 .000244 .000085 .000016 000001 -3.65 
-3.55 .000732 .000376 .000146 .000034 .000003 -3.55 


~ 
— 


} 
SKEWNESS 
-3.97 
-3.96 -—3.96 
-3.95 
-3.90 
-3.89 -3.89 
-3.86 
-3.80 | -3.80 
-3.78 
-3.68 
-3.55 
-3.54 
-3.53 
-3.52 


TYPE 


~3.47 .000526 .000222 .000060 .000006 ~3.47 
.001232 .000700 .000317 .000097 .000013 -3.40 
~3.21 .002309 .001468 .000788 .000317 .000073 -3.21 
-3.08 .003475 .002367 .001404 .000663 .000205 .000024] 


PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


-3.49 
-3.38 
-3.35 
-3.31 
~3.28 
-3.23 
-3.22 ~3.22 
-3.19 
-3.18 
-3.16 
~3.11 
~3.05 
~3.03 
-3.02 
-3.01 


PEARSON’S TYPE FUNCTION—ORDINATES 


SKEWNESS 


015848 .013417 .010784 .008022 


-2.99 .003248 .002051 .001068 .000392 .000067 |-2.99 
-2.98 .004705 .003363 .002137 .001124 .000420 .000075 
-2.95 .005143 .003726 .002415 .001309 .000515 .000102 |-2.95 
.005454 .003987 .002618 .001447 .000589 .000125 |-2.93 
.005953 .004409 .002949 .001676 .000716 .000168 |-2.90 
.006491 .004870 .003316 .001937 .000866 .000224 |-2.87 
.006679 .005033 .003447 .002032 .000922 .000245 |-2.86 
-2.84 .005372 .003723 .002233 .001042 .000294 |-2.84 
.007274 .005550 .003868 .002339 .001108 .000321 |-2.83 
.008370 .006514 .004668 .002942 .001491 .000493 |-2.78 
.009871 .007860 .005813 .003837 .002094 .000796 |-2.72 
.010143 .008106 .006025 .004006 .002213 .000860 |-2.71 
2.55 
-2.51 


TYPE FUNCTION—ORDINATES 


SKEWNESS 


000006 


.000018 


00047 


.000210 
.000299 
.000334 


-2.76 
.000002 
.000003 
.000004 
.000005 
.000007 
.000374 .000010 -2.63 
58} .000634 .000035 


SKEWNESS 


-2.42 
~2.32 
-2.23 
~2.00 
its 


tv ty 


.001470 
.001601 


.003270 
.003518 
.005703 
.006086 


.010490 


.016940 
.018696 


.020580 
.028233 


011771 


.013400 
.020349 


.000376 
.000501 
.000656 


.001081 


SKEWNESS 


PEARSON’S TYPE III FUNCTION—ORDINATES 


| 
-2.45 
.000001 
.000002 
.000004 
.000012 
.000018 
.000027 
.000038 
.000054 -2.35 
.000074 
.000099 
000169 
000216 
.000272 
.000338 
.000417 
.000508 
.000614 
--2.20 .005678 .001411 .000001 
.009600 .003561 .000161 
.010608 .002777 -2.02 


.056183 .054209 .051623 .048288 .044042 .038693 |-1.98 
-1.90 .065616 .064090 .061967 .059097 .055292 .050313 
.069433 .068107 .066194 .063545 .059965 .055203 |-1.87 
-1.71 .092468 .092020 .090976 .089146 .086269 |-1.71 
-1.65 .102265 .102887 .103126 .102856 .101903 .100025 
-1.63 .105675 .106514 .106996 .107002 .106365 .104851 
-1.55 .120009 .121768 .123290 .124480 .125205 .125275 


.037650 
039146 


.070584 
.075028 
.079624 


040797 


.061198 
.063506 


097694 


.122201 
.128676 


014612 
022313 


.034068 
.040054 


.046614 


081419 
084499 
094052 


SKEWNESS 


.006761 
.008638 
.009690 
.010820 
.012030 
.013320 


016152 
.026706 
.030925 


040412 


.060276 
.06667 


.095088 
.118930 
.123076 
.127264 


PEARSON’S TYPE III FUNCTION—ORDINATES 


.027865 


.068431 
076685 


.080947 


.000041 


000677 
001339 
002249 

004829 
006502 
008427 
010600 
013018 
015674 


.049102 


.073650 


-1.99 .000003 -1.99 
-1.97 
-1.96 -1.96 
.062162 -1.80 
-1.77 
-1.76 
-1.73 
-1.70 -1.70 
-1.68 
-1.62 -1.62 
-1.61 -1.61 
-1.59 
-1.58 -1.58 
-1.57 -1.57 
-1.56 -1.56 
-1.55 


-1.45 
-1.40 


-1.37 
-1.36 
-1.33 
-1.31 
-1.30 


-1.29 
-1.28 
-1.27 
-1.26 
-1.25 
-1.23 
-1.21 


~1.19 
-1.18 
-1.14 
-1.13 
-1.11 
-1.10 


-1.03 
-1.01 


SKEWNESS 


.156080 

158225 


.178104 

187235 

189543 


.215458 


.222653 
225060 
.227470 
.232297 


169304 


.202857 
.205319 
.210262 
217718 
.220212 
.222710 


.230220 
.232728 
.237745 
.240254 
.245271 


.140809 
.147670 


164230 


.169090 


.201789 
.206951 


.209540 
.222558 
.227788 


.235641 
.240876 
.251324 
.256526 


.200236 
.205671 
.211130 
.213866 


.222097 
.227595 
.233097 


.249566 


TYPE FUNCTION--ORDINATES 


.200893 
.212464 
.215368 
.218276 


.227008 
.232830 


.261729 


.270253 
.273073 
.278673 


.158822 


.207207 
.213408 
.222729 
.225838 


.232052 
.238256 


.262825 
.271874 


.277836 
.286659 
.289564 


-1.16 


PEMRSON’S TYPE FUNCTION—ORDINATES 


SKEWNES 


.142336 .141985 .140079 .135760 .127555 

-164303 .166236 .167170 .166485 .163106 


.200387 .205909 .211288 .216268 .220389 
.203724 .209561 .215327 .220795 .225554 


.207066 .213215 .219362 .225312 .230699 
.213761 .220522 .227419 .234309 .240917 
.220462 .227820 .235444 .243242 .251021 
.227162 .235099 .243425 .252095 .260992 
.230509 .238728 .247394 .256487 .265921 


.256715 .266976 

.312650 


.353533 


-1.49 
-1.43 
-1.42 
-1.38 
-1.36 
-1.35 -1.35 
-1.34 
-1.33 
-1.29 
-1.28 -1.28 
.252566 
-1.25 
-1.24 
-1.23 
-1.22 -1.22 
-1.21 
-1.20 
-1.19 
-1.18 -1.18 
-1.17 
-1.14 
-1.11 
-1.07 
v 


TYPE 


SKEWNESS 


.244390 .252782 261708 .271238 .281452 .292450 
.261286 .270172 .279612 .289679 .300456 .312042 
.263688 .272632 .282132 .292259 .303097 .314744 


.289692 .299057 .308958 319458 330631 .342563 


.93 


.350601 
355357 


.357675 


.376620 


385582 
393373 


.386019 


415372 


331472 
.347085 
.358700 


.415360 


SKEWNESS 


PEARSON’S TYPE FUNCTION—ORDINATES 


.415900 
.418028 


.427526 


430796 


.441880 


421715 


439504 
441325 
444707 
449138 


450447 


459147 


94] .318934 .332382 .363270 .381226 .401323 .94 
.429006 


353812 


.358890 


373911 


385683 


377913 


391378 


398376 


.378701 


.397180 


399315 


400107 


400432 
400534 


SKEWNESS 


391727 


400658 
401407 
402217 


402548 


402714 


402406 


TYPE FUNCTION—ORDINATES 


401555 


.404028 
.404991 


405421 


399178 


.402775 
401715 


399852 
402493 


403658 


46 46 
406540 
407055 
407525 
408327 
409193 
409722 
408966 
408687 
408367 
408005 
407158 
4 


PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


TYPE III FUNCTION—ORDINATES 


SKEWNESS 


.22 


PEARSON’S TYPE FUNCTION—ORDINATES 


386882 


374795 
371519 


324154 
311555 


394892 


384521 


371138 


317683 
315547 


.382021 


363537 


347538 


.328632 


313491 


383171 
379385 


373565 
371591 
369600 
367593 
365572 
363536 
361485 
355257 


351045 


325028 


.291632 
.289402 


370331 
357419 


.296563 
.287505 
.285248 


362445 
355577 
346335 


.315979 


.292730 
.285833 
.278985 


.20 


PEARSON'S TYPE FUNCTION--ORDINATES 


.350292 
.337180 
.335213 


318737 
316593 


312254 
310060 
307851 
305627 
303389 
301137 
294305 


.287369 
285036 
277985 
.275618 
273244 


.256471 


344110 


314142 
309853 


.298897 
.283100 


305508 


266928 


.262262 


.257584 
.250551 
.248204 


SKEWNESS 


330519 


.316273 
.314178 
.312068 


296968 


.285886 
.279148 
.276891 
.274628 


.272360 
.270089 
.267813 


260969 
258683 
256396 


251818 


326833 


.277714 


.259820 


.232949 
.230725 
.228506 
.221876 


.313200 


.296170 


.283101 


.278707 
.276505 


.274301 


.272094 


261037 


.254400 
.252189 


243365 
241166 


.232403 
.230223 
.228048 


.225878 
.223713 


.312202 


.290793 
.288621 
.284266 
.282083 
.279898 


.271139 
.255798 


229770 


223368 


.221247 
.210744 


.325062 
.94 .94 


TYPE III FUNCTION—ORDINATES 


SKEWNESS 


.96 


TYPE FUNCTION--ORDINATES 


SKEWNESS 


.229882 .222462 .215438 .208770 .202426 .196373 
.225060 .217821 .210966 .204456 .198260 .192348 


| 


182649 177298 .172174 167260 .158003 


OANA 


: 
147 
1.48 
1.49 


PEARSON'S TYPE FUNCTION—ORDINATES 
SKEWNESS 


.93 


PEARSON'S TYPE FUNCTION 


123763 
121878 

120009 
114505 
.112704 


109155 
103961 
102265 
100586 


094049 
089333 
086277 
084776 
083293 


078950 


077538 
076143 
073407 
.07 2065 
070740 
068144 


065616 


064378 
063157 
061952 
059595 
057304 
056183 


.127046 
.125222 
.123414 
.119844 
.114607 
.112894 

111196 


109515 
.106201 
101352 
.099769 
098202 
096652 
095117 


090613 
089144 
087692 
086756 
084837 
083433 
08067 6 


076661 

074065 

2791 

071533 

069065 


.124514 
122789 
.121079 
.119383 
116038 


.107939 


06288 
091463 
087296 
085930 
083254 


079354 
078085 
076828 
071954 


— 


res 


SKEWNESS 


117084 


.097500 
094703 


091963 
086654 
084085 


082822 


081572 


079115 
077907 
0/6713 
075533 
072074 


064317 
062035 
097655 


056598 


Or 
.061410 
060415 
059432 


111736 


097493 
096143 


094808 


093485 


088331 
085834 
083390 


077508 
076371 
073035 
071949 
070875 
068764 


066705 
.062726 
060809 
059868 


058939 


089674 


087245 
084867 
081392 
.080258 


078028 
073711 
072662 
068582 


067 591 
066612 


1.50 
115314 
1.52 
1.53 112394 
109526 
099900 
103262 098577 
101733 097266 
100220 095969 
094685 
065079 065644 
063984 064687 
062902 063741 
059740 060971 
058714 060069 


TYPE FUNCTION—ORDINATES 


SKEWNESS 


| 
1 
191 
1.93 
1.95 
1.97 
1.98 
1.99 


TYPE tli 


034701 
033941 
.032460 
.028985 


024631 


.020829 


035413 


024163 


021630 
021151 


020681 


.050081 


.044086 
042483 
040927 
040167 


036535 
035842 
035160 
033177 


032537 
.030678 
027777 
027225 


025625 
025109 
024603 
024105 


023615 


030327 


.029280 


025397 


2.01 .052919 056560 .057116 .057430 2.01 
2.02 .051864 .053513 055628 .056221 .056571 2.02 
2.03 .050824 .052515 054708 .055338 .055723 2.03 
2.05 .050560 052903 .053605 .054059 2.05 
2.06 .047800 052019 .052755 .053242 2.06 
2.09 .044915 .046820 049437 .050852 2.09 
2.11 .045033 047774 .048668 .049308 2.11 
2.13 .041280 .043300 046157 .047108 2.13 
2.16 .038707 040800 043814 045620 2.16 
038416 041569 .042673 043520 2.19 
2.21 036890 040126 042166 2.21 
2.23 038724 .039913 2.23 
2.24 038038 .039247 .040201 2.24 
2.25 037363 .038591 .039564 2.25 
2.26 036698 .037943 .038935 2.26 
2.27 036042 .037305 .038315 2.27 
2.28 035396 .036676 2.28 
2.29 034760 .036055 .037100 2.29 
2.33 032310 .034768 2.33 
2.34 031721 .033086 .034205 2.34 
2.36 030570 .031958 .033103 2.36 
2.37 030008 .031406 .032563 2.37 
2.39 028909 .031507 2.39 
2.40 028373 2.40 
027326 029978 2.42 
2.43 026815 029483 2.43 
2.44 026312 028995 2.44 
2.45 025817 028514 2.45 
027113 2.48 
2.49 026659 2.49 


TYPE FUNCTION—ORDINATES 


NDA ut 


SKEWNESS 
2.00 
2.01 
201 201 
2.03 
2.03 
2.04 
2.05 
2.07 
2.07 2.07 
2.08 
2.09 
241 
2.43 
243 
2.45 
2.46 
2.46 


TYPE FUNCTION--ORDINATES 


SKEWNESS 


012892 .014975 .016862 .018548 .020038 .021341 
011600 .013617 015462 .017123 018602 .019905 
011295 .013295 .015128 .016782 .018257 .019560 


.009196 .010823 .012338 


017258 
016307 
016000 
015699 
014544 


013995 
012953 
012703 
012217 
011981 


011748 
011519 


018556 
018232 
.016985 
016685 
.016100 


014195 
013443 


012962 
012727 


.007285 


.009831 


2.50 
2.50 
2.55 2.55 
257 
2.58 2.58 
261 
261 
2.63 
2.65 
267 
2.67 
268 
2.70: 
2.70 
271 271 
273 
274 009347 
275 009094 
008847 276 
279 
2.80 
281 281 
007274 
2.84 
285 006873 
297 2.97 


PEARSON'S TYPE FUNCTION—ORDINATES 


022471 
022106 
021747 


018125 
016949 


016113 
014552 


013825 
012468 


.026513 
.026110 


023441 
021351 


015546 


015054 


SKEWNESS 


.028920 


026115 


022535 


.019407 


.016181 


015936 
014760 


026032 


023254 
022603 


022284 
021049 


020751 


019315 
018498 
017971 
017713 


016715 
.016001 


015769 


014657 


.029199 
028811 


026582 


024513 


023857 


.022903 
021985 
.020250 


.019974 


.016920 


.030348 
.028091 


024673 
024353 
023726 


021932 


015953 


“Ga 
2.50 2.50 
2.54 2.54 
2.55 
2.57 2.57 
2.58 2.58 
2.59 2.59 
2.60 2.60 
2.61 
2.62 2.62 
2.63 
2.64 
2.65 2.66 
2.67 2.67 
2.68 2.68 
2.69 2.69 
2.70 2.70 
271 271 
2.72 272 
2.73 2.73 
2.74 
2.76 
2.77 021363 
020535 2.80 
020266 
283 019738 2.83 
2.88 
2.89 2.89 
291 017751 
2.94 
2.95 016829 2.95 
2.96 2.96 
2.97 016386 2.97 
016168 


NDA Wh © \© 00 


TYPE FUNCTION—ORDINATES 


.008051 
.006903 


.006751 
.006458 
.006176 
.006039 
.005905 


.005396 
.004816 


003617 
003540 
003464 


.010782 


.010196 


.010007 


.009822 


.009460 


.008941 


.008133 
.007829 


3.00 .004432 .005775 .007114 .008409 .009637 3.00 
3.01 .004301 .005624 .006946 3.01 
3.05 .003810 .005053 .006310 3.05 
3.06 .003695 .004919 .006159 3.06 
3.08 .003475 .004660 .005867 .008202 3.08 
3.10 .003267 .004413 .005588 3.10 
3.11 .003167 .004295 .005453 3.11 
3.12 .003070 .004178 .005321 3.12 
3.14 .002884 .003955 .005066 3.14 
3.15 .002794 .003847 .004942 3.15 
3.16 .002707 .003742 .004821 3.16 
.002029 .002907 .003849 005778 .006714 3.25 
3.44 .001075 .001673 .002357 .003095 .003860 .004629 3.44 
3.49 .001440 .002065 .002748 004490 3.49 


PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


014715 .015324 3.02 
011791 .014719 3.05 
013717 .014328 3.07 


013335 


.009096 


012251 


.012688 
012517 


011250 .011856 3.21 
011090 .011696 3.22 
010933 .011538 3.23 
010778 .011381 3.24 


.010035 .010631 


w 


| 
.011836 
.011632 
.011432 
.010660 
3.11 
3.12 
3.13 
3.14 
3.16 009827 .010649 .011399 3.16 
.007887 .008741 .009535 .010266 
3.241 .007747 .009385 .010113 
.007609 .008452 .009237 .009962 
3.30} .006953 .007767 .008531 .009240 
.005903 .006664 .007386 .008062 .008690 
.005690 .006440 .007152 .007821 .008443 .009017 3.41 
.005287 .006012 .006704 .007358 .007968 .008533 3.45 


; 


PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


001167 


.001049 


.000997 


002228 


.002083 
.002037 
.001778 


.001624 


.001261 
.001204 
.001176 
.001149 


.003791 


.003160 
.003096 


.002683 


.002093 
.002008 
001885 


.001808 


100 
.000873 .001397 .002010 .002683 .003389 3.50 
.000843 .001356 .001957 .002619 .003316 3.51 
.000814 .001315 .001906 .002557 .003245 3.52 
.000785 .001276 .001855 .002497 .003174 3.53 
.001238 .001806 .002437 .003106 3.54 
.001200 .001758 .002379 .003038 3.55 
.000706 .001164 .002322 .002972 3.56 
.000681 .001666 .002267 .002908 3.57 
.000634 .001062 .001578 .002159 3.59 
.000612 .001029 .001536 .002107 .002722 3.60 
.000590 .000998 .001494 .002057 .002662 3.61 
3.62 .000569 .000967 .001454 .002007 .002604 3.62 
3.63 .000549 .000938 .001415 .001959 .002547 3.63 
3.64 .000529 .000909 .001377 .002491 3.64 
3.65 .000510 .001339 .001865 .002436 3.65 
3.66 .000492 .000854 .001303 .001820 002382 3.66 
3.67 .000474 .000827 .001268 .002330 3.67 
3.70 .000425 .000753 .001649 3.70 
.000409 .000729 .001608 3.71 
.000366 .000663 .001044 .001493 3.74 
3.75 .000353 .000642 .001015 .001456 3.75 
3.76 .000340 .000622 .000987 .001420 3.76 
.000327 .000602 .000960 .001385 3.77 
3.80 .000292 .000547 .001284 3.80 
3.81 .000281 .000857 3.81 
3.82 .000271 .000833 3.82 
3.83 .000260 .000496 .000810 .001191 3.83 
3.84 .000251 .000480 .000787 .001161 3.84 
3.85 .000241 .000465 .000765 3.85 
3.86 .000232 .000450 .000744 .001104 3.86 
3.87 .000223 .000435 .000723 .001076 3.87 
3.88 .000215 .000702 3.88 
3.90 .000199 .000394 .000663 3.90 
3.91 .000191 .000381 .000644 3.91 
3.92 .000184 .000369 .000626 3.92 
3.93 .000177 .000357 .000923 3.93 
3.94 .000170 .000345 .000591 .000900 3.94 
3.95 .000163 .000334 .000574 3.95 
3.96 .000157 .000323 .000557 3.96 
3.97 .000151 .000312 .000541 3.97 
3.98 .000144 .000302 .000526 .000811 3.98 
3.99 000139 .000292 .000511 .000791 3.99 


TYPE FUNCTION—ORDINATES 


SKEWNESS 


ANAM 


~ 


003573 


003313 
003070 


003623 
003435 
003315 


003256 
003199 
003142 
002926 


.002580 
.002534 
.002400 


002440 
002303 


002258 
.002010 


101 
3. 
3.60 
? 
3.62 
3.63 
3.65 
3.67 
3.67 3.68 
3.08 
3.69 3.69 
3.76 
379 
| 
3.80 
3.87 
3.87 
3.91 
3.91 
3.93 
3.93 
3.94 
3.95 
3.96 


PEARSON’S TYPE III FUNCTION—ORDINATES 


102 
4.02 .000124 .000264 .000468 .000732 .001047 .001403 4.02 
4.08 .000097 .000215 .000392 .000625 .000909 .001234 4.08 
4.12 .000082 .000187 .000348 000563 .000827 .001132 4.12 
4.15 .000073 .000169 .000318 000520 000770 001061 4.15 
4.19 000062 .000147 .000282 .000468 .000700 .000973 4.19 
4.20 .000059 .000142 000273 000455 .000684 000952 4.20 
4.21 .000057 000137 .000265 .000443 060668 .000932 4.21 
4.25 .000048 .000119 000235 .000398 .000606 .000854 4.25 
4.30 .000039 000099 .000201 .000348 .000538 000766 4.30 
4.31 .000037 .000096 .000339 .000525 .000749 4.31 
4.32 000035 .000093 .000189 .000330 .000512 .000733 4.32 
4.33 .000034 .000089 .000184 .000321 .000500 .000717 4.33 
4.35 000031 .000083 .000173 .000304 .000476 .000686 4.35 
4.36 .000030 .000080 .000167 000296 .000465 .000671 4.36 
4.39 .000072 .000152 .000272 .000432 .000628 4.39 
4.40 .000025 .000069 .000148 .000265 .000421 .000614 4.40 
4.42 .000023 000064 .000139 .000251 .000401 4.42 
4.48 .000018 .000052 .000115 .000213 .000346 .000514 4.48 
4.49 .000017 .000050 .000111 .000207 .000338 .000503 4.49 


001823 
001621 


001528 
001498 
001469 
001357 


002273 


002233 


002192 


002153 


001278 


001253 


000966 


000891 


000822 
000713 


001930 


001729 


001492 
OO1465 
001412 


001263 


001217 
001173 


001109 


.000919 


002199 


SKEWNESS 


002975 
002928 


002882 
002836 


002601 


002536 


001730 


001405 


001357 
001334 
001288 
001206 
001223 
001201 
001160 


1.0 


003486 
003333 
003283 


001992 


001929 


001750 
001722 
001694 


002618 
002578 
002463 
002390 


002318 


002148 
.001960 


001901 
001788 
.001760 


003947 


003279 
003096 
003052 


002924 
002882 


002560 
002496 


002129 
002098 
002038 


= 


wv 


4.01 
4.03 4.03 
4.04 
4.06 
4.07 4.07 
4.10 4.10 
4.12 
4.16 4.16 
4.17 
4.20 4.20 
4.24 
4.28 
4.30 
435 
4.38 
002256 
4.42 4.42 
4.43 443 
4.47 4.47 
448 


PEARSON’S TYPE 


104 
4.64 .000008 .000028 .000069 .000136 .000232 .000359 4.64 
; 
4.90 .000002 .000010 .000029 .000064 .000120 .000198 4.90 


PEARSON’S TYPE FUNCTION—ORDINATES 


00067 
.000657 
.000630 
.000569 


.000546 
.000535 
.000513 
.000503 
.000472 


.000426 
.000417 
.000392 
.000376 


009331 


.000263° 


SKEWNESS 


.000836 


.0007 
.000719 


.000705 


.000666 
.000629 


.000520 


000389 


000353 


000940 
.000891 


000788 


000532 
000513 


001326 
.001304 


.000970 
.000908 


000835 
000795 


000672 


.001509 


001354 
001273 
001253 


.001073 


001841 
001737 


.001568 
.001501 


001375 
001259 


000947 


1204 


001103 


001024 


000951 


105 
4.50 
4.52 
4.53 
4.56 
4.57 
4.58 
4.59 
4.60 
461 
4.63 
4.63 
4.64 
4.65 
4.67 
4.68 
4.69 
471 
471 
472 
173 
4.75 
4.76 
4.86 
4.88 
4.90 
4.93 
4.95 
4.97 
4.98 
ba 
: 


TYPE FUNCTiON—ORDINATES 


i 


MND Wile © 


WANN Ue 


.000018 
.000017 
.000015 


.000014 
.000014 
.000014 
.00001 
.00001 


106 
5.00 .000001 .000007 .000021 .000048 .000093 .000157 5.00 
5.01 .000001 .000007 .000020 .000047 .000090 .000153 5.01 
5.04 .000001 .000006 .000018 .000043 .000083 .000143 5.04 
5.05 .000001 .000006 .000018 .000042 .000081 .000140 5.05 
5.06 .000001 .000005 .000017 .000040 .000079 .000136 5.06 
5.07 .000001 .000005 .000016 .000039 .000077 .000133 5.07 
5.08 .000001 .000005 .000016 .000038 .000075 .000130 5.08 
5.09 .000001 .000005 .000015 .000037 .000073 .000127 5.09 
5.10 .000001 .000005 .000015 .000036 .000071 .000124 5.10 
.000001 .000004 .000013 .000033 .000066 .000116 5.13 
.000002 .000006 .000037 .000069 
.000002 .000006 .000036 .000067 
.00000 .000006 .000065 
5.38 .000006 .000034 .000064 
5.39 .000001 .000005 .000033 .000062 
5.40 .000005 .000032 .000061 5.40 
5.41 .000001 .000005 .000031 .000059 5.41 
5.42 .000001 .000005 .000058 5.42 
5.43 .000001 .000005 .000056 5.43 
5.44 .000001 .000004 .000055 5.44 
5.45 .000001 .000004 .000054 5.45 
5.49 .000001 .000004 .000049 5.49 


TYPE FUNCTION—ORDINATES 


SKEWNESS 


.000346 .000469 .000608 .000761 .000924 5.00 


107 
5.01 
5.02 
5.03 
5.04 


TYPE FUNCTION—ORDINATES 


SU 


tae 


108 
5.50 .000001 .000004 .000011 .000025 .000048 
5.51 .000003 .000010 .000024 .000047 
.000003 .000010 .000023 .000046 
5.53 .000001 .000003 .000010 .000023 .000044 
5.54 .000003 .000009 .000022 .000043 
.000001 .000003 .000009 .000021 .000042 
5.56 .000001 .000003 .000009 .000021 .000041 
5.57 .000001 .000003 .000009 .000020 .000040 
5.58 .000001 .000003 .000008 .000020 .000039 
5.59 .000001 .000008 .000019 .000038 
5.60 000001 .000003 .000008 .000019 .000037 
5.62 .000002 .000007 .000018 .000036 5.62 
.000002 .000007 .000017 .000035 5.63 
564 .000002 .000017 .000034 5.64 
000002 .000007 .000016 .000033 5.65 
000002 .000006 .000015 .000031 5.68 
5.69 .000002 .000015 .000030 5.69 
.000002 .000006 .000014 .000029 5.70 
.000002 .000005 .000013 .000027 5.73 
.000001 .000005 .000012 .000026 5.75 
.000001 .000005 .000012 .000025 5.76 
.000001 .000012 .000025 5.77 
.000001 .000004 .000011 .000024 5.78 
.000001 .000004 .000024 5.79 
5.80 .000001 .000004 .000011 .000023 5.80 
.000001 .000004 .000010 .000022 5.81 
5.82 .000001 .000004 .000010 5.82 
5.83 .000001 .000004 .000010 .000021 5.83 
5.84 .000001 .000010 .000021 5.84 
.000001 .000004 .000009 .000020 5.85 
.000001 .000003 .000009 .000020 5.86 
.000001 .000003 .000009 .000019 5.87 
.000001 .000003 .000009 .000019 5.88 
.000001 .000008 .000018 5.90 
.000001 .000003 .000017 5.91 
.000001 .000003 .000007 .000017 5.93 
.000001 .000003 .000007 .000016 5.94 
5.95 .000001 .000003 .000007 .000016 5.95 
.000001 .000002 .000007 .000015 5.96 
5,97 .000001 .000002 .000007 .000015 5.97 
5.98 .000001 .000002 .000007 .000015 5.98 
5.99 .000001 .000002 .000014 5.99 


TYPE FUNCTION—ORDINATES 


SKEWNESS 


.000074 .000117 .000172 .000239 .000318 .000406 
.000071 .000112 .000166 .000231 .000308 .000394 


GND uid W 


~ 


fon 


5.7 
5.7 
5.7 
5.7 


CRN D Wh— 


109 
5.60 5.60 
5.61 
5.62 
5.63 5.63 
5.64 
5.65 
3.66 5.66 
5.67 
5.68 
5.81 
5.82 
5.85 5.85 
5.86 5.86 
5.87 
5.88 5.88 
5.89 5.89 
5.90 5.90 
5.91 5.91 
5.92 5.92 
5.93 5.93 
5.94 5.94 
5.95 
5.96 5.96 
5.97 5.97 
5.98 5.98 


TYPE FUNCTION—ORDINATES 


SKEWNESS 


‘ 
110 
6.00 .000002 .000006 .000014 6.00 
6.01 .000002 .000006 .000014 6.01 
6.03 .000002 .000006 .000013 6.03 
6.04 .000005 .000013 6.04 
6.05 .000005 .000012 6.05 
6.06 .000005 .000012 6.06 
6.07 .000005 .000012 6.07 
6.08 .000002 .000005 .000011 6.08 
6.09 .000005 .000011 6.09 
6.10 .000005 .000011 6.10 
6.12 .000004 .000010 6.12 
6.13 .000004 .000010 6.13 
6.14 .000001 .000004 .000010 6.14 
6.15 .000004 .000010 6.15 
6.16 .000004 .000009 6.16 
6.17 .000001 .000004 6.17 
6.18 .000004 .000009 6.18 
6.19 .000004 .000009 6.19 
6.20 .000001 .000003 .000008 6.20 
6.21 .000003 .000008 6.21 
6.22 .000001 .000003 .000008 6.22 
6.24 .000003 .000008 6.24 
6.25 .000001 .000003 .000007 6.25 
6.26 .000003 .000007 6.26 
6.27 .000003 .000007 6.27 
6.29 .000003 .000007 6.29 
6.30 .000001 .000003 .000007 6.30 
6.31 .000001 .000003 .000006 6.31 
6.33 .000002 .000006 6.33 
6.35 .000001 .000002 .000006 6.35 
6.36 .000002 .000006 6.36 
6.38 000001 .000002 6.38 
6.39 .000002 .000005 6.39- 
6.40 .000001 .000002 .000005 6.40 
6.41 .000001 .000002 .000005 6.41 
6.42 .000002 .000005 6.42 
6.43 .000002 .000005 6.43 
6.44 .000001 .000002 .000005 6.44 
6.45 .000002 .000004 6.45 
6.48 .000004 6.48 


TYPE FUNCTION—ORDINATES 


SKEWNESS 


.000027 


000016 000107 .000147 
000136 
000134 


000011 


.00001 
.000010 
.000010 
.000010 
.000010 
.000010 


111 
6.00 6.00 
6.01 6.01 
6.02 6.02 
6.03 6.03 
6.04 6.04 
6.05 6.05 
6.06 6.06 
6.08 6.08 
6.09 6.09 
6.10 6.10 
6.11 6.11 
6.12 6.12 
6.13 6.13 
6.14 6.14 
6.15 
6.16 6.16 
6.17 
6.18 
6.19 
6.20 6.20 
6.21 
6.22 
6.23 6.23 
6.24 6.24 
6.25 6.25 
6.26 6.26 
6.27 6.27 
6.28 6.28 
6.29 6.29 
i 
6.30 6.30 
6.31 6.31 
6.32 6.32 
6.33 6.33 
6.34 6.34 
6.35 6.35 
6.36 6.36 | 
6.37 6.37 
6.38 6.38 
6.39 6.39 
6.42 .000020 .000033 .000053 .000077 .000108 6.42 
6.43 .000019 .000033 .000052 .000076 .000106 6.43 
6.44 .000019 .000051 .000075 .000105 6.44 
6.45 .000018 .000032 .000050 .000074 .000103 6.45 
6.46 .000031 .000049 .000072 .000102 6.46 


TYPE FUNCTION—ORDINATES 


=—=_ 


SKEWNESS 


6.50 .000004 6.50 
6.52 .000004 6.52 
6.53 .000004 6.53 
6.54 000001 .000004 6.54 
6.55 .000003 6.55 
6.56 .000003 6.56 
6.57 .000003 6.57 
6.58 .000003 6.58 
6.59 .000003 6.59 
6.60 .000001 .000003 6.60 
6.61 .000001 .000003 6.61 
6.62 .000003 6.62 
6.63 .000003 6.63 
6.66 .000003 6.66 
6.68 .000002 6.68 
6.69 .000002 6.69 
6.70 .000002 6.70 
6.71 .000002 6.71 
6.72 .000002 6.72 
6.73 .000002 6.73 
6.75 .000002 6.75 
6.76 .000002 6.76 
6.78 .000002 6.78 
6.79 .000002 6.79 
6.81 000001 .000002 6.81 
6.82 .000002 6.82 
6.83 .000002 6.83 
6.84 .000002 6.84 
6.85 000001 .000002 6.85 
6.86 .000002 6.86 
6.87 6.87 
6.88 .000001 6.88 
6.89 6.89 
6.90 .000001 6.90 
6.91 .000001 6.91 
6.92 .000001 6.92 
6.93 6.93 
6.94 6.94 
6.95 6.95 
6.96 6.96 
6.97 .000001 6.97 
6.98 6.98 
6.99 .000001 6.99 


TYPE III FUNCTION—ORDINATES 
.000003 .000007 .000013 .000022 .000035 .000051 6.90 


PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


114 
7.00 
7.01 7.01 
7.02 7.02 
7.03 7.03 
7.04 7.04 
7.05 
7.06 7.06 
7.07 7.07 
7.08 7.08 
7.09 7.09 
7.11 7.11 
7.12 7.12 
7.13 7.13 
7.14 7.14 
7.15 
7.16 7.16 
7.17 7.17 
7.18 7.18 
7.19 7.19 
7.20 7.20 
7.21 7.21 
7.22 7.22 
7.23 7.23 
7.24 7.24 
7.25 7.25 
7.26 7.26 
7.27 7.27 
7.28 000001 7.28 
7.29 7.29 
7.30 7.30 
7.31 7.31 
7.32 7.32 
7.33 7.33 
7.34 7.34 
7.35 
7.36 
7.37 
7.38 7.38 
7.39 7.39 
7.40 7.40 
7.42 7.42 
7.43 
7.44 7.44 
7.45 7.45 
7.46 7.46 
747 7.47 
7.48 7.48 
7.49 


7.30 
7.31 
7.32 
7.34 
7.35 
7.36 
7.37 


+) 


PEARSON’S TYPE FUNCTION—ORDINATES 115 
7.09} .000002 .000005 .000009 .000025 .000038 7.09 
7.13} .000002 .000004 .000008 .000024 .000036 7.13 
7.14} .000002 .000004 .000008 .000023 .000035 7.14 
.000002 .000004 000007 .000013 .000021 .000032 


SKEWNESS 


116 
7.50 
7.52 7.52 
7.53 7.53 
7.54 7.54 
7.55 7.55 
7.56 7.56 
7.57 
7.58 7.58 
7.59 7.59 
7.60 
7.61 
> 
7.62 7.62 
7.63 7.63 
7.65 7.65 
7.66 
7.67 7.67 
7.68 
7.09 7.69 
7.70 
7.70 
771 771 
7.72 
7.73 
7.74 
7.75 
7.76 
777 
778 
7.79 
7.80 7.80 
783 
7.85 
7.89 
7.90 
7.92 
7.93 
7.93 
7.95 
7.97 7.97 
7.98 
7.98 
7.99 


PEARSON’S TYPE III FUNCTION—ORDINATES 


7.5 
7.5 
7.5 
7.5 
7.5 
7.5 
7.5 


117 
.000001 .000002 .000003 .000006 .000011 .000017 7.60 
.000001 .000001 .000003 .000006 .000010 .000016 7.66 
770} .000001 .000001 .000003 .000005 .000009 .000015 7.70 
7.73 .000003 .000005 .000009 .000014 7.73 
7.86 .000002 .000004 .000007 .000011 7.86 
7.88 000001 .000004 .000007 .000011 7.88 
7.90 .000002 .000004 .000007 .000011 7.90 


PEARSON’S TYPE III 


i18 
8.00 
8.01 
8.02 8.02 
8.03 8.03 
8.04 8.04 
8.05 8.05 
8.06 8.06 
8.07 807 
8.08 8.08 
8.09 
8.10 8.10 
8.11 
8.12 
8.13 8.13 
8.14 8.14 
8.15 8.15 
8.16 8.16 
8.17 8.17 
8.18 8.18 
8.19 8.19 
8.20 8.20 
8.21 8.21 
8.23 8.23 
8.24 8.24 
8.25 8.25 
8.26 
8.27 8.27 
8.28 8.28 
8.29 8.29 
8.30 8.30 
8.31 
8.32 8.32 
8.33 8.33 
8.34 8.34 
8.35 
8.36 
8.37 8.37 
8.39 
8.40 8.40 
8.41 8.41 
8.42 8.42 
8.43 
8.44 
8.45 8.45 
8.46 8.46 
8.47 
8.48 8.48 
8.49 8.49 


PEARSON’S TYPE III FUNCTION—ORDINATES 


SKEWNESS 


000002 
000002 


000002 
000001 


.000001 


119 
8.14 .000002 .000004 .000007 8.14 
8.22 .000002 .000004 .000006 8.22 
000003 .000005 8.33 
8.39 000003 .000005 8.39 


120 PEARSON’S TYPE 


8.50 
8.51 
8.53 
8.53 
8.55 
8.56 
8.57 
8.58 
8.59 8.59 
8.60 
8.61 
8.63 
8.64 8.64 
8.65 8.65 
8.66 8.66 
8.67 8.67 
8.68 8.68 
8.69 
8.72 
8.73 8.73 
8.74 8.74 
8.75 8.75 
8.76 8.76 
8.77 8.77 
8.78 8.78 
8.79 8.79 
8.80 8.80 
8.81 8.81 
8.82 8.82 
8.83 8.83 
8.84 
8.85 8.85 
8.86 8.86 
8.87 
8.88 8.88 
8.89 
8.90 8.90 
8.91 8.91 
8.92 8.92 
8.93 8.93 
8.94 8.94 
8.95 
8.96 8.96 
8.97 
8.98 8.98 
8.99 8.99 


PEARSON’S TYPE FUNCTION—ORDINATES 


SKEWNESS 


121 


7 


uw 
ve) 


8.50 000001 .000001 .000002 .000004 
8.51 000001 .000001 .000002 .000004 
8.52 .000001 .000002 .000004 
8.53 .000001 .000002 .000004 
8.56 .000002 .000004 
8.57 .000002 .000004 
8.58 000001 .000002 .000004 
8.59 .000002 .000004 
8.60 000001 .000002 .000004 
8.61 000001 .000002 .000003 8.61 
8.62 .000002 .000003 8.62 
8.63 .000002 .000003 8.63 
8.64 .000002 .000003 8.64 
8.66 000001 .000002 .000003 8.66 
8.67 .000002 .000003 8.67 
8.70 .000002 .000003 8.70 
871 .000002 .000003 871 
8.73 .000002 .000003 8.73 
8.77 .000001 .000003 8.77 
8.82 .000001 .000002 8.82 
8.92 000001 .000001 .000002 8.92 
8.93 000001 .000001 .000002 8.93 
8.95 .000001 .000002 8.95 
8.96 .000001 .000002 8.96 
8.97 .000001 .000002 8.97 
8.98 .000001 .000002 8.98 


PEARSON’S TYPE FUNCTION—ORDINATES 


SKEWNESS 


122 
9.00 9.00 
9.01 
9.02 9.02 
9.03 9.03 
9.04 9.04 
9.05 9.05 
9.06 9.06 
9.07 9.07 
9.08 9.08 
9.09 9.09 
9.10 
9.11 
9.12 9.12 
9.13 9.13 
9.14 9.14 
9.15 9.15 
9.16 9.16 
9.17 9.17 
9.18 9.18 
9.19 9.19 
9.20 9.20 
9.21 9.21 
9.22 
9.23 
9.24 9.24 
9.25 
9.26 9.26 
9.27 
28 9.28 
9.29 
9.30 
9.33 
9.34 
9.36 
9,39 
9.41 
9.42 
9.43 
9.44 9.44 
9.46 
9.47 
9.48 
9.49 


PEARSON’S TYPE FUNCTION—ORDINATES 123 
9.01 000001 .000002 9.01 
9.02 000001 .000002 9.02 
9.03 000001 .000002 9.03 
9.05 000001 .000002 9.05 
9.06 .000002 9.06 
9.07 .000002 9.07 
9.09 .000002 9.09 
9.11 .000002 9.11 
9.12 .000002 9.12 
9.13 000001 .000002 9.13 
9.14 .000001 9.14 
9.15 .000001 9.15 
9.16 000001 .000001 9.16 
9.20 .000001 9.20 
9.22 .000001 9.22 
9.24 .000001 9.24 
000001 .000001 9.26 
9.27 000001 .000001 9.27 
9.28 .000001 9.28 
000001 .000001 9.29 
9.30 .000001 9.30 
9.31 .000001 9.31 
9.32 000001 .000001 9.32 
9.33 000001 .000001 9.33 
9.34 000001 .000001 9.34 
9.36 000001 .000001 9.36 
9.37 000001 .000001 9.37 
9.38 .000001 9.38 
9.40 9.40 
9.42 000001 9.42 
9.43 000001 9.43 
9.46 
9.47 9.47 
9.48 9.48 
5 


124 PEARSON’S TYPE FUNCTION—ORDINATES 


SKEWNESS 


} 
9.50 
9.51 
9.52 
9.53 9.53 
9.54 9.54 
9.55 9.55 
9.56 9.56 
9.57 9.57 
9.58 9.58 
9.59 9.59 
9.60 9.60 
961 961 
9.62 
9.63 9.63 
9.64 9.64 
9.65 
9.66 
9.67 
9.68 9.68 
9.69 9.69 
9.70 9.70 
971 
9.72 
973 9.73 
9.74 
9.75 
9.76 
9.77 
9.78 9.78 
9.79 9.79 
9.80 
981 9.81 
9.82 
9.83 
9.84 9.84 
9.85 9.85 
9.86 
9.87 9.87 
9.88 9.88 
9.89 
9.90 
991 99 1 
9.92 9.92 
9.93 
9.94 
9.95 
9 96 9.96 
9.97 
9.98 


PEARSON’S TYPE III FUNCTION—ORDINATES 


9.50 
9.51 
9.52 
9.53 
9.54 
9.55 
9.56 
9.57 
9.58 


125 
9.50 
951 
9.52 .000001 
9.53 
9.56 
9.57 .000001 
9.58 
9.59 
961 
9.62 9.62 
9.64 9.64 
9.67 9.67 
9.68 9.68 
9.69 9.69 
9.70 9.70 
9.71 
9.72 9.72 
9.73 9.73 
9.74 9.74 
9.76 9.76 
9.77 9.77 
9.79 9.79 
9.80 
9.82 9.82 
9.83 9.83 
9.84 9.84 
9.85 9.85 
9.86 9.86 
9.87 9.87 
9.88 9.88 
9.89 9.89 
9.90 
9.91 
9.92 9.92 
9.93 9.93 
9.94 9.94 
9.95 9.95 
9.96 9.96 
9.97 9.97 
9.99 
ste 


